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Abstract

The Job Shop Scheduling Problem (JSSP) is a combinatorial optimization problem
that is one of the most challenging and important scheduling problems. Finding the
optimal schedule that reduces the makespan necessitates the use of dedicated algo-
rithms, local search techniques, or metaheuristics. The combinatorial nature of these
approaches makes solving them computationally intractable in the classical settings.
As a result, in this thesis, we use a novel technique based on variational quantum
heuristics to the Job JSSP. We employ the time-indexed JSSP instance representa-
tion to create a cost Hamiltonian that can be used in the Quantum Approximate
Optimization Algorithm (QAOA) to find the optimal solution to a simple JSSP in-
stance. We employed a quantum-classical hybrid technique to execute the QAOA on
the high performance computing system. We also had a look at the mathematical
building blocks of QAOA namely Quantum Adiabatic Algorithm, Trotterization,
and the Non-Negative matrices which are essential to solve JSSP on gate-based
quantum computers.
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1 INTRODUCTION

1 Introduction

1.1 Motivation

The theory of classical computation has been around for more than a century and has
been a cornerstone in the development of classical computers. Classical computers
have revolutionized our world and equipped humans with computation power that is
beyond the capabilities of the human mind. This newly found computational power
enabled, including other things, finding solutions to many quantitative problems,
in particular, optimization problems. However, even with recent developments in
parallel computing and graphic rendering, some optimization problems stayed out of
the reach of classical computers. Quantum computers, on the other hand, promise
to solve many optimization problems that provide an asymptotic advantage over
classical computing.

In the early 1980s, quantum computers were conceptualized by Richard Feynman
to simulate large quantum mechanical systems[1]. This motivated serious develop-
ment in quantum computation, which led to the development of quantum algorithms,
in particular, Deutsch algorithm [2], Grovers’ algorithm [3], and Shor’s algorithm
[4]. These algorithms showed, at least theoretically, that quantum computers can
solve some problems much faster than classical computers. However, two key chal-
lenges need to be solved: First, is it possible to create a quantum computer that can
perform computation in large Hilbert spaces with low enough errors to materialize
quantum advantage? Second, is it possible to formulate the problem one wants to
solve that is difficult for a classical computer but easy for a quantum computer? Al-
though fault-tolerant quantum computers are still in the future, recent development
of quantum algorithms in various fields like Machine learning [5], drug discovery [6],
material science and Chemistry [7], and combinational optimization[8] showed that
it is possible to tackle both the problems posed above albeit with limited numbers
of qubits and limited connectivity of the qubits.

In this thesis, we will focus on a type of Combinatorial Optimization Problem
(COP) called Job Shop Scheduling Problem (JSSP)[9]. JSSP are NP-hard problems
[10], [11] which means that finding an optimal solution on a classical computer is not
computationally feasible. Therefore, JSSP is the perfect candidate to be evaluated
using a quantum computer. In JSSP there are n jobs that needs to be scheduled on
m machine with the objective to minimize the total length of the schedule.

To solve JSSP, we will use Quantum Approximate Optimization Algorithm (QAOA)
[8]. QAOA is a quantum algorithm designed to solve COP on a Gate-based hybrid
computer, i.e., it uses both classical and quantum computers for its computation.
The Gate-based approach can be seen as the extension of the classical computation
and does not need advance knowledge in Quantum Mechanics. Use of hybrid com-
puter arises due to the fact that the quantum computer available today are Noisy
Intermediate-Scale Quantum (NISQ) [12] devices. As the name suggests, NISQ de-
vices are susceptible to noises like gate noise, decoherence noise, measurement noise,
etc. Decoherence destroys the superpositions where the information is stored. If the
devices are noisy, then quantum algorithms that can run are short before they run
into errors. Quantum error correction (QEC) has to be employed to mitigate the
noise. QEC is an active field of research, and we will not dwell on that in this thesis.

The objective of this thesis is to solve a relatively simple JSSP to show how to
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1.2 Related Work 1 INTRODUCTION

formulate the problem such that it can be solved on High-performance computing
(HPC) system. We are not using an actual quantum computer. With the rapid
development in the field quantum computing, new error correction methods, and
growing number of qubits, it is possible that near future that much larger problem
will be able to solve on quantum computer.

The thesis is divided into following sections: 1. Classical Job shop scheduling
(2.1) 2. Hilbert Space (2.2) 3. Quantum mechanics postulates (2.3) 4. Quantum
computing (2.4) 5. Adiabatic Algorithm (2.5) 6. Irreducible matrices (2.6) 7. Trot-
terization (2.7) 8. Qubo problems (2.8) 9. Variational quantum algorithms (2.9) 10.
QAOA (2.10) and 11. Quantum Job Shop scheduling (3)

1.2 Related Work

The general strategy to solve JSSP! consists of two parts: (a) a search strategy that
enumerates the candidate solutions, and (b) a search space reduction strategy that
reduces the number of possible candidate solutions. There are different formulations
of JSSP possible. Some examples are single-machine scheduling and parallel-machine
with preemptive or without preemptive scheduling. All these formulations, and
others, are discussed in the survey [13]. As JSSP is an NP-hard problem, not
all formulations have feasible solutions. Those that have feasible solutions can be
represented by a disjunctive graph or graph matrix as discussed in [14].

As JSSP has applications in various fields like manufacturing, logistics, computer
architecture etc, various heuristic and metaheuristic algorithms have been developed
which are discussed in [15], and [16]. The exact methods are mostly based on the
branch-and-bound method? which heavily relies on strong lower bounds to stop the
branching as early as possible to make the procedure computationally feasible on
classical computers. The lower bounds for JSSP have been analyzed in [17] and [18].

Many approximate algorithms have also been used that prioritize the order in
which jobs have to be performed. A summary of many such appropriate algorithms
can be found in [19]. Various approximate algorithms with sequence-dependent time
setup have been analyzed in [20]. In JSSP, there has been many instances when the
same job competes for the same machine. This means there will always be one
or more machines that act as a bottleneck. To tackle such situations, the shifting
bottleneck heuristic is used as discussed in [21], and [22].

The approach that focuses more on the reduction of search space for the possible
candidate solutions is called the constraint propagation approach and it is discussed
n [23]. Another approach is a local search algorithm that starts with a candidate
solution and iteratively chooses the best candidate from the neighbouring set that
minimizes or maximizes the objective function. For local search methods see the
survey [24].

For a detailed analysis of many metaheuristic algorithms like simulated anneal-
ing, tabu search, and genetic algorithms see the books [25], [26], and [9]. There
are hybrid approaches as well like a local search approach combined with shifting
bottleneck [27] or simulated annealing with tabu search [28]. Benchmarking plays
an important tool to compare the efficiency of various algorithms. In the context of

lor any combinatorial search and optimization problems

2discussed in more detail in the thesis



1.3 Contribution 1 INTRODUCTION

JSSP, a review can be found in [29].

Coming to the quantum algorithm, Deutsch-Jozsa algorithm is the first quantum
algorithm that is exponentially faster than any classical algorithm [2], although it
is of little practical use. Shor’s algorithm [4]°, and Grover’s algorithm [3]* were
among the first quantum algorithms that had practical application. To study the
complexity of quantum algorithms, a new complexity class called ”Bounded error,
Quantum, Polynomial-time” (BQP) was introduced in [30]. BQP refers to decision
problems that can be solved with a bounded probability of error using a polynomial-
sized quantum circuit.

The interest in quantum computing arises mainly due to two reasons: first is the
relation: P C BPP C BQP C PSPACE C EXP where PSPACE are decision
problems solvable in polynomial space, BPP are problems that can be solved using
a randomized algorithm in polynomial time if bounded by probability error and
EX P are decision problems solvable in exponential time [31]. The second reason is
the so-called Solovay Kitaev theorem [32] that states that an arbitrary single-qubit
gate may be approximated to some accuracy using a poly-logarithmic number of
gates from a predefined universal discrete set. As a result, quantum circuits can be
efficiently constructed.

Quantum computation by adiabatic evolution was proved in [33] and solved satis-
fiability problems and other combinatorial search problems. Adiabatic computation
is polynomially equivalent to conventional quantum computing in the quantum gate
model [34]. Quantum Annealing [35], [36] solves optimization problems by formu-
lating them in terms of finding the ground state of Ising spin Hamiltonian [37].
Quantum annealing devices like D-Wave can solve a few small-size optimization
problems, including JSSP [38], [39].

In the current quantum computing era, called the NISQ era, problems that
can be encoded using quantum logic gates can be solved on gate-based quantum
computers. Two important algorithms are Variational Quantum Eigensolver (VQE)
[40] and QAOA [8]. QAOA has already been applied to many well-known COPs
like Max-Cut [41], [42], Travelling Salesman Problem [43], Graph Coloring [44], and
JSSP [45]. In the original paper of QAOA, it is proved that the quality of the solution
increases as the quantum circuit depth increases. However, due to the issues with
the NISQ devices, it is harder to produce such results on NISQ devices. [46] shows
that it is very likely that once we have real quantum devices that are less noisy, the
quality of results will improve significantly.

A detailed review of QAOA and its variants is studied in [47]. In the original
QAOA paper, and in this thesis, the qubits are initialized in the state |+) state along
the x-axis of the Bloch sphere and tensorised n times. This has been generalized to
initialize with separable initial states, which is QAOA-warmest [48] achieves faster
convergence.

1.3 Contribution

In this thesis, we studied QAOA and implemented it for JSSP. We also discussed the
mathematical proof of the QAOA and the Peron-Frobenius theorem, the foundation

3finds the prime factorization in polynomial-time
4achieved quadratic speedup in an unordered database search



2 BACKGROUND

on which the Adiabatic algorithm is built. We saw the type of mathematical entity
that satisfies the Peron-Frobenius theorem, i.e., irreducible matrices. During the
research, numerious books and research were read and the following consists of the
list of the main reference for the respective sections. There are many citations within
each section as well. If a diagram or statement does not have a citation that means
it is taken from the following references:

e The section on the classical job shop scheduling (2.1) relies on the books
Scheduling - Theory, Algorithms, and Systems by Michael L. Pinedo ([26])
and Principles of sequencing and scheduling by Kenneth R. Baker and Dan
Trietsch|9].

e The section on mathematical background of Quantum Computing (2.2), Quan-
tum mechanics posulates (2.3), and adiabatic algorithm (2.5) follows the books
Mathematics of Quantum Computing by Wolfgang Scherer[49]. Some defini-
tion and theorem used are almost verbatim like 2.25, 2.26, and 2.27.

e The section on quantum computing (2.4) relies on Quantum Computation
and Quantum Information[50] and Quantum Computing: An Applied Ap-
proach[51].

e The section on Irreducible matrices (2.6) uses results from the books Non-
negative Matrices by Henryk Minc[52], and Matriz Analysis by Horn and
Johnson[53].

e The section on Trotterization (2.7) follows the book Intermediate Spectral The-
ory and Quantum Dynamics by C.R.D.Oliveira [54]. The definition and the-
orem used are almost verbatim. The explanation is own contribution.

e The section on QUBO (2.8) relies on the book Quantum Machine Learning:
What Quantum Computing Means to Data Mining and the paper [55].

e The section on VQA (2.9) relies on [40] and [47].
e The section on QAOA (2.10) relies on [8] and [47].

e The section on Quantum Job Shop Scheduling (3) follows from [45],[56] and
[57].

2 Background

2.1 Classical Job Shop Scheduling

Scheduling is a decision-making process that allocates resources to optimize some
pre-defined objective function. Scheduling problems, in general, consist of a finite
number of jobs and machines. n denotes the number of jobs and m denotes the
number of machines. If a job requires more than one processing step, or opera-
tions’, then (i, j) denotes the operation of job j on machine i. Each job has some
data associated with it. In this thesis, we will focus on the processing time® p;; of

Swe will use task and operations interchangeably

60ther possibilities include Release date, Due date, and Priority factor
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2.1 Classical Job Shop Scheduling 2 BACKGROUND

the jobs, where p;; represents processing time of job j on machine i.

Resource 1 1 2 4 3

Resource 2 2 1 4 3

Resource 3 3 2 1 4

| | |
Time

v

Figure 1: Gantt Chart is used to visualize and compare schedules.

The triplet a|5|y describes a scheduling problems. The « represents the machine
environment and has only one value. The 3 represents the constraints and can have
no, single or several values. The 7 represents the objective that needs to be min-
imized /maximize and has a single/multi value. Different variations of scheduling
problems can be formed simply by varying the values in the triplet.

In this thesis, the a will be Job Shop. Job shops are scheduling problems in
which a set of different machines perform tasks of jobs. Each job is composed of an
ordered list of tasks, from which every task requires a specific machine for a known
processing time.

The 3 of Job shop considered in the thesis are defined below’ [45]:

i. Tasks are nonpreemptable, i.e., once started, it is necessary to keep the task
on a machine until its completion.

ii. Tasks of different jobs are independent,
iii. Each task can be performed on a specific machine at a time,
iv. Each machine can process only one job at a time.

The objective is to minimize the makespan (C,,,;), i.e. the maximum completion
time of all tasks. The makespan is the v of the problem formulation.

JSSP belongs to a class of optimization problems called the COP. In COP, one
searches for an optimum (combination of) object in a finite collection of objects [58].
The optimal object is called optimal solution whereas all the other objects in the
finite collection are called feasible solution. In the context of JSSP with makespan as
objective, every schedule that satisfies the constraints is a feasible solution and the
schedule that has the minimum makespan is the optimal solution. As the number
of jobs and machines increases, the set of feasible solutions increases exponentially,

"For a comprehensive list, see the reference.
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2.1 Classical Job Shop Scheduling 2 BACKGROUND

making JSSP NP-hard problems [10], [11]. For instance, a (20,10) job shop may
have at most 7.2651 x 10'® possible solutions. Therefore, there is no standard
procedure available to find the optimal solution. COPs are typically represented
as a graph [58], and so is JSSP as discussed below. This lead to the disjunctive
programming formulation of the JSSP with makespan objective and also describe a
branch-and-bound algorithm to find the optimal solution which we discuss below.

Source

Figure 2: Directed graph for job shop with makespan as objective.

A disjunctive graph can be used to describe the minimization of the makespan
in a job shop. Consider a directed graph G = (N, A, B) where N is the set of the
graph nodes or operations (i,7) that must be performed on n jobs, A is a set of
conjunctive arcs, and B is the set of disjunctive arcs. The arc (i,j) — (k,j) forms
a conjunctive (solid) arc if job j is processed on machine i before it is processed
on machine k. Two operations that have to be processed on the same machine but
belong to two different jobs are connected by disjunctive (broken) arcs. Disjunctive
arcs go in opposite directions and form m cliques® of double arcs, one clique for each
machine. All operations in the same clique have to be done on the same machine.
The length of all the arcs represents the processing time. In addition, there are two
dummy nodes called source U and sink V. U has n conjunctive arcs emanating
from the first operations and V' has n conjunctive arcs coming in from all the last
operations. The arcs emanating from the source have a length of zero.

A feasible schedule selects one disjunctive arc from each pair, resulting in an
acyclic-directed graph. This selection defines the sequence in which the operations
are performed on that machine. Now, we will show that a clique selection must be
acyclic: If there were a cycle within a clique, a feasible sequence of the operations on
the corresponding machine would be impossible as such a cycle would correspond to
an infeasible situation. For example, let (h, j) and (4, ) denote two consecutive op-
erations belonging to job j and let (i, k) and (h, k) denote two consecutive operations
belonging to job k. If under a given schedule, operation (i, j) precedes operation
(1, k) on machine ¢ and operation (h, k) precedes operation (h, j) on machine h, then
the graph contains a cycle with four arcs, two conjunctive arcs and two disjunctive
arcs from different cliques. Such a schedule is physically impossible.

8A clique refers to a graph in which any two nodes are connected; in this case, each connection
within a clique consists of a pair of disjunctive arcs.

12



2.1 Classical Job Shop Scheduling 2 BACKGROUND

The longest path from U to V determines the makespan of a feasible schedule.
This longest path consists of operations where the first starts at time 0 and the last
finishes at the time of the final operation and satisfies the constraints defined in .
To minimize the makespan, select disjunctive arcs that minimize the length of the
longest path which is called the critical path.

To present the disjunctive programming formulation, let y;; denote the starting
time of operation (i,7) and G = (N, A, B) be a directed graph as defined above.
Then the following mathematical program minimizes the makespan:

minimize C),4.
subject to

Ykj — Yij = Dij V( j)

Crnaz — Yi5 = ij V(3. J)

Yij — Ya = Pir OF Ya — Yij = pij  V(i,1)
vi; >0 Y(i,7)

Here, the first constraint assures that operation (k,j) cannot begin until opera-
tion (4, 7) is finished. The third constraint, disjunctive constraints, guarantees that
there is some ordering among operations of various jobs that must be executed on
the same machine.

To obtain optimal solutions through the branch-and-bound methods, we consider
a certain type of schedule.

7

Definition 2.1: Active Schedule

A feasible schedule is called active if it cannot be altered in any way such
that some operation is completed earlier and no other operation is completed
later.

It also follows from the definition that it is impossible to reduce the makespan of
an active schedule without increasing the starting time of some operations. There-
fore, an active schedule cannot have any idle time in which one or more operations
of a job in queue could fit.

An operation becomes schedulable when all of its predecessors are scheduled.
The order of precedence of the operations within the jobs determines how the next
operations are decided. A partial schedule consists of operations with set begin-
ning times. Given a partial schedule for each job shop situation, we may generate a
distinct set of schedulable operations. Let

PS(k) = a partial schedule containing k scheduled operations

SO(k) = the set of schedulable operations at stage k, corresponding to a given
PS(k)

s; = the earliest time at which operation j € SO(k) could be started

f; = the earliest time at which operation j € SO(k) could be finished

13



2.1 Classical Job Shop Scheduling 2 BACKGROUND

For a given active partial schedule, the possible start time, s;, for schedulable
operation j, is determined by the completion time of the immediate predecessor of
operation j and the latest completion time required by operation j on the machine.
The larger of the two is s;. The possible finish time, f;, is s;4p;, where p; represents
processing time of operation j.

A systematic approach to generating active schedules works as follows.

Algorithm 1: Generation of all Active Schedules.

Step 1. Let k£ = 0 and begin with PS(k) as the null. Initially, SO(k) includes
all operations with no predecessors.

Step 2. Determine f* = minjcsor){f;} and the machine m* that can realize f*.

Step 3. For each operation j € SO(k) that requires machine m* and for which
s; < f*, create a new partial schedule in which operation j is added to
PS(k) and started at time s;.

Step 4. For each new partial schedule created in Step 3, update the data set as
follows:
a) Remove operation j from SO(k).
b) Create SO(k + 1) by adding the direct successor of j to SO(k).
c¢) Increase k by one.

Step 5. Return to Step 2 for each partial schedule created in Step 3 and updated
in Step 4, repeating until all active schedules have been generated.

\. J

The Algorithm | demonstrates a tree-structured method to schedule generation.
The nodes in the tree represent partial schedules, and when a new operation is
added to a partial schedule, the algorithm proceeds from one level of the tree to
the next. If we create the tree in its entirety, it will list all active schedules. The
enumeration tree could be the basis for an optimum-seeking approach using branch
and bound. Even in a moderate-sized job shop problems, the computational cost of
an enumeration tree by the branch-and-bound method is relatively high. The way to
solve the computational problem is to use a suboptimal approach that generate one
complete schedule. For this, one need a way to resolve conflicts between different
partial schedule generated at step 3 of the algorithm 1, i.e., one bounds the growth
of branching. The way to do it is through priority rule R. We will re-define the step
3 of the algorithm with priority rule:

Algorithm 2: Generation of all Active Schedules.

Step 3. Calculate a priority index for each operation j € SO(k) that requires
machine m* and has s; < f* using a specific priority rule. Find the op-
eration with the smallest index and add it to PS(k) as soon as possible,
creating only one partial schedule, PS(k + 1), for the following stage.

The following are some commonly used priority rules:

e Shortest processing time: select the next operation with least processing time.

14



2.2 Hilbert Spaces 2 BACKGROUND

e First come first served: select operation that comes first.

e Most work remaining: select the operation associated with a job that has most
processes remaining.

e Least work remaining: select the operation associated with a job that has least
processes remaining.

Which priority rule should be used depends on the objective and there is no
one-fit-all solution.

JSSP has many heuristic algorithms as well. Some examples include Tabu search
[59], Genetic algorithm [60], Simulated Annealing [61]. However, all these algorithms
are computationally very expansive as well. Therefore, there is a growing interest in
quantum computers as they have the potential to solve some classically intractable
problems. QAOA is one such quantum algorithm that shows potential and is the
focus of this thesis.

To understand and appreciate the quantum computer we need a mathematical
background which is the objective of the remaining of this section.

2.2 Hilbert Spaces

é )

Definition 2.2: Inner Product Space

Let E be a complex vector space. A mapping (:|-) : E x E — C is called an
inner product in F if for any z,y, 2 € E and «, f € C the following holds:

a. (zly) = (yle);
b) (az + Bylz) = a(z[z) + B {yl2);
c) (zlz) 20

{

d) (z|z) =0 implies = = 0.

A vector space with an inner product is called an inner product space.

This inner product induces a norm ||.|| defined as ||z| = \/(z|x) for z € E.

An inner product space F is called complete if every Cauchy sequence in E
converges to an element of E i.e. if for every € > 0 IM € N such that ||z, — z,| <€
VYm,n > M.

Definition 2.3: Hilbert Space

A complete inner product space is called a Hilbert Space H.

Definition 2.4
Two vectors ¢, 1) € H are called orthogonal if (¢[¢)) = 0.

Set {¢; |jel} CH:

15



2.2 Hilbert Spaces 2 BACKGROUND

i. is linearly independent if for every finite subset {¢}} and a; € C with
k=1,2,---,n the following

arpr + agpa + -+ Ay =0
holds only if a; = as =+ =a, =0.
ii. is said to span H if for every vector ¢ € H there are a; € C with j €
such that
P =D
jel

Set of vectors {¢; | j € I} that are linearly independent and spans H forms
the basis of H.
In addition, if basis vectors {e; | j € I} C H satisfy:

0, ifj#k

. = 6 =
(eslex) = 3 {1, o

then they are called orthonormal basis (ONB).

The Hilbert space H is called separable if it has a countable basis.

\. J

A Hilbert space H is called finite-dimensional if it has finite number of basis
vectors; otherwise H is called infinite-dimensional.

Quantum computational process generally observes and manipulates observables
such as spin or photon polarization. Therefore, it is sufficient to consider only
finite-dimensional Hilbert space in quantum computing.

Let {e;} be the ONB of H. Then every vector ¢ € H can be uniquely expressed as
basis expansion of ¢ as
Y= aje;

If ¥ = (ai,...,a,), then we have a; = (e;]¢). Furthermore,
v=> (el)e (1)
J

and

ll* = {esle)? (2)

J

Definition 2.5: Dual Space

The dual space of H a vector space defined as:

H* :={f:H — C| f linear and continuous}.

Due to Riesz Representation Theorem [62] there exists a bijection between H and
its dual space H*. This bijection leads to the bra and ket notation first introduced

16



2.2 Hilbert Spaces 2 BACKGROUND

by Dirac. The bra-vectors (¢| € H* whereas ket-vectors |p) € H. Notice that
(plp) € C. Therefore, (1) can re-written as:

) = les) eslv) (3)

A linear map A: H — H is called operator. The set of all operators is denoted by
L(H).
This leads to the following definition.

Definition 2.6: Matrix Representation of Operator

Let A be an operator on H and {|e;)} be the ONB of H. Then the (j, k)
element of A in the basis {|e;)} is written as

Aji = (ej]| Aeg) (4)

The matrix (Ajx);x=1
the basis {|e;)}.
Furthermore, A can be expressed as

A= Z l€5) Aj (ex] (5)

dim(m) s called the matrix representation of A in

.....

From here on, A will be used to denote both the operator and its matrix.

Example 1

Let H be n-dimensional Hilbert Space and {|e;)} be its ONB. Then we can
use the isomorphism H = C” to see the standard basis in C”,

1 0
|€1>: . 7...,|6n>:
0 1
Similarly, for the dual basis
(er] =[1 0 ... 0],....(e]=[0 0O ... 1]

Definition 2.7

An operator A* is called adjoint operator to A on H if

(A"plo) = (W|Ap)  V|¥),|p) € H (6)
If A* = A then A is called self-adjoint.

An operator U on H is called unitary if

({UPlUp) = Wlp) V), lp) € H (7)
The set of all unitary operators on H is denoted by U (H).
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An interesting property about the unitary operators is that their adjoint operator
are their inverse and they do not change the norm.

,

Definition 2.8: Spectrum

Let A € L(H). Vector |¢) € H \ {0} is called eigenvector of A if

Alp) = M) .

and A € C is called eigenvalue.
The set of all eigenvectors of A for a given eigenvalue A of, along with zero
vector is called eigenspace of A and denoted by Eig(A,\).
An eigenvalue A is called non-degenerate if Eig(A,\) is one-dimensional.
Otherwise, A is called degenerate.
The set

o(A) :={\eC|(A—-X1)"" does not exist}

is called the spectrum of A.
The spectral radius of A is defined as

p(A) = sup{[A| : A € o(A)}

Theorem 2.9
For A € L(H), let A|¢) = A|¢). Then

(i) if A is self-adjoint, it has real eigenvalues.

(ii) If A is unitary, it has eigenvalues with absolute value 1.

\.

Proof. Let |¢) € H with |¢) # 0.
(i) Let A be self-adjoint. Then

AWle) = (IM) = (Y]Ay) = (A"[) = (AY[y) = (W) = A (Y]d)

where \ is complex conjugate of A. Therefore, \ is real.

(ii) Let A be unitary. Then

[l = 119N = 12l = (ALl
Therefore, || = 1.
[

Self-adjoint operators are diagonalizable, that is, for every self-adjoint operator
A there is an ONB {le; o)} of A such that

Aleja) = Ajleja) -
This allows us to write self-adjoint operators in the diagonal form as follows
A= " Nleja) (€al- (8)
7,0

18



2.2 Hilbert Spaces 2 BACKGROUND

Definition 2.10: Projection

An operator P € L(H) satisfying P? = P is called a projection. If P* = P,
then P is called orthogonal projection.

Theorem 2.11

Let A be a self-adjoint operator as defined in 8. Let |e; o) with a € {1,...,d;}
be orthonormal eigenvectors of A where a denotes the d;-fold degeneracy of
eigenvalues A;. Then

dj
Pi=>leja) (€0l
a=1

is the orthogonal projection onto the eigenspace Eig(A, A;) for the eigenvalue
Aj.

\

Proof. Using the definition of orthogonal projection, we have

dj ¥ dj
Pr= Y lesa) (eial | = leja) (esal”
a=1 a=1

dj
= Z leja) (€j.a] since |e;,) are eigenvectors of self-adjoint A
a=1

:Pj

As |ej o) with o € {1,...,d;} are ONB of eigenvectors of A, any eigenvector |¢) €
Eig(A, \;) can be written as

d;
[0) = lesa) (ejalt)) = F; 1¥)
a=1
which shows that P; is a projection onto Eig(A, \;). O

Using the above, we can write any self-adjoint A in the form
A= "Nleja) (ejal =D NP,
Ja J

Further, for a [¢)) with |[¢|| = 1, the orthogonal projection onto |¢) is defined
as

Py = [¥) (¥].
Definition 2.12: Norm of Operator

A € L(H) is called a bounded if
[Al} = sup{[|A9[| | [¢) € H and [[¢]] =1} < o0
If || Al is defined then [|A|| is called norm of the operator A.
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B(H) denotes the set of all bounded operators on H.
B, (H) denotes the set of all bounded self-adjoint operators on H.

Definition 2.13: Commutator

An operator A € B, (H) is called positive if V |¢)) € H

(W] Ay) >0,

and written as A > 0. If the inequality is strict then it is called strictly
positive.
Furthermore, commutator of two operators A and B € L(H) is defined as

[A, B] = AB — BA.

A and B are said to commute if their commutator vanishes, [A, B] = 0.

Definition 2.14: Trace
Let |e;) be ONB in H. The trace of A is defined as

tr(A) =3 (eslde;) = 3 Ay (9)

J

The important property of the trace of a matrix is that it does not depend on
the basis.

2.2.1 More than one Hilbert Space

Until now we discussed only one Hilbert Space which is enough to describe one qubit
system which can be described in a two-dimensional Hilbert space. However, to rep-
resent more than one qubit system and mathematically define how it interacts, one
needs more than one Hilbert Space.

Let H* and H” be two Hilbert spaces defined on complex vector space A and
B, respectively. Then their Tensor Product H4 ® HP is a linear combination of
vectors of the form |¢) ® |¢) where |p) € HA and [)) € HE. That is

o) ® [¢) : HA x HE — C (10)

The tensor product is a vector space over C. To see that let ¥y, ¥y, € H* @ HP,
then
(a¥y +bW2) (€, n) = a¥i1(€, ) + b¥s(¢, ) € H @ HY

The null-map is the null-vector, and —WV is the additive inverse of .
Every vector |¥) € H* ® HZ can be written as the linear combination of the ONBs
{lea)} C HA and {|f,)} C HP as follows

W) =D Valea® fo) -
a,b
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Now we can define the inner product on the tensor product

\II|<D Z Z \Ijalblq)a2b2 <6a1 ® fbl|ea2 ® fb2>

ay,b1 ag,ba

= Z \Ij_abq)ab
a,b
Similarly, the norm of |¥) € HA ® H? is defined as

1) = (v]¥) = ZI\Pab\2

and for any |)) € HA and |¢) € HP,

¥ @ ¢l = V(¥ ® ot ® ¢) = /(¥[0) (9lo) = || l|9]

In the finite-dimension, H4 ® H? is complete with the norm defined above and thus
a Hilbert space.

In quantum computing, it is sufficient to consider Hilbert spaces that are defined
on two-dimensional complex space. Therefore, we will use the notation *H to define
such Hilbert spaces.

Example 2

Let HA = HP = 2H = C? with ONBs

{lea)} = {15} = {10). 1)} = {H , m}

Then HA @ HEZ = C* is

{|€a & fb>} = {|00> ) |01> ) |10> ) |11>} =

o O O
O;#—‘O
Ob—‘vOO
_— o O O

In general, for a;,b; € C and

a1

|¢1> =a |O> + by |1> = |:b :| , |¢2> = a9 |0> + by |1> — |:Z2:|
! 2
we have,

|¢1) @ |p2) = (a1[0) 4 b1 1)) ® (a2 |0) + b2 [1))
= a1a2]0) ® |0) + a1by [0) @ |1) + bras |1) ® |0) 4+ b1be |1) & |1)
= ayay |00) 4 a1by |01) + byag [10) + b1bs |11)
a1az
a1bse

b1 (05}
b1bo

21



2.2 Hilbert Spaces 2 BACKGROUND

In quantum computing, the tensor product for the n 2-dimensional case can be

defined as follows:
H" =H® - ®°H (11)
N————

n times

The Hilbert Space *H®" is 2"-dimensional.

In quantum computing, it is conventional to start the counting from the right
side. Therefore, the j + 1-th factor in *H®" is *H;. That is,

Hem=H, 1 Q- ® QH]. ® - ® ZH,
~—
j+1 factor

Further convention is to write every vector |z) € *H®" in its binary representa-
tion.
Let x € Ny with < 2. Then the binary representation of x is written as

n=1
_ Y
T = E ;2
Jj=0

where g, ..., Z,—1 € {0,1}". Then every vector |z) € *H®" is defined as

|2)" = |z) = |xp_1...2120)

— |1‘n_1> R R |{L‘1> ® |370> = ® |I]>

j=n—1

We can represent the first and the last state vector in *H®" as

|o>":|oo...o>:®|o>

n—1
2" — 1" =11...1) = Q) |1)
j=0

Definition 2.15

The ONB in ?H®" defined by |z) = |2p_1,...,z0) for € {0,1,...,2" — 1} is
called the computational basis.
In H®" the computational basis is identical to the standard basis in C2".

The computational basis consists of separable or product-states (see 2.18).
This is because each sub-system of a composite system (see 7) is in a pure state. For
example, in example 2, if the system is in the state |10), then the first sub-system
is in the pure state |1). The measurement of o, in his sub-system will result in —1.
Similarly, the second sub-system is in the pure state |0) and the measurement of o,
in his sub-system will result in +1.

Now we see an example of another possible basis vectors
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Example 3

Bell basis in 2H®? consists of

+\ . 1
|® >._ﬁ(|00>j:|11>)
|0 = i( 01) £ [10) )

V2

2.3 Quantum Mechanics Postulates

Quantum mechanics allows possible descriptions of the statistics of the quantum
system. By quantum system, we mean any physical entity, such as atoms, elec-
trons, or molecules, that exhibits quantum mechanical effects like superposition and
entanglement’. There physical quantities are called observable that are associated
with these physical entities. A quantum state contains all the necessary infor-
mation to describe and to make predictions, upon measurement, about a quantum
system. Due to the probabilistic nature of quantum systems, the mean value of an
observable is usually considered.

Mathematically, states can either be described by a vector or an operator. This
depends on whether the state is a pure state or a mixed state. We will describe
these states as well as how to change and measure them in terms of Postulates.

Postulate 1: (Observable and Pure States)

An observable A on H is represented by a self-adjoint operator.
If the mean value of A can be calculated using a state vector |¢) € H
satisfying ||| = 1 as

(A)y = (Y]AY) (12)

then the quantum system is described by a pure state.

The mean value of the observable A using the diagonal form (8):

(A)y = (¥]40)
= (¢ Z)\j le5) (e;1)

= Z)\j (¥]e;) {ejlv)
=2 Al e

These eigenvalues \; are the possible measurement results associated with A as
stated in the following postulate.

9We will describe these quantum mechanical effects later in more detail.
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Postulate 2: (Measurement Probability)

For an observable A, spectrum o(A) contains all the possible measurement
values.
For an observable A described by pure state |1) € H, the probability of ob-
taining eigenvalue A € o(A) is given by the projection Py onto the eigenspace
Eig(A,\).

Py(N) = |1 [0)]

The set Sy == {e |1} |a € R} is called ray for each [¢)) € H with ||¢|| = 1. The
same physical condition is described by each constituent of Ray. In other words,
there is no physical difference between [¢)) and e |1)).

On the other hand, each unit vector in H represents a physical state that character-
izes a system using quantum mechanics which is the superposition principle.

[ Definition 2.16: Superposition Principle ]

Any linear combination of states that is normalized is again a state. That is,
if |¢), [¢) € H then aly) + b|¢) € H for a,b € C with |a|* + |b> = 1.

A state that is an eigenvector of an operator associated with an observable A
is also called an eigenstate. Let A be initially described by a pure state vector
|t) € H. Then the measurement of A yield A\, € o(A) which can be seen as a
preparation of the |¢) in the state |e;) € H. Another way to say this is that with
the probability | {ex|?) |?, the measurement ‘forces’ or ‘projects’ the object that was
initially in the state |¢)) into the eigenstate |eg). It is described in the following
postulate.

Postulate 3: (Projection Postulate)

Let the system be in the state [1)). Then measurement has the following state
transition

measurement, P A W>
v TR

where P, is the projection onto the eigenspace of .

The state |¢) of a quantum system is also known as wave function.

Apart from measurement, a quantum state can be changed by applying unitary
operators that are solutions to the famous Schrédinger equation (referred to
as the initial value problem in the following) for a closed quantum system. It is
formulated in the following postulate.

( A

Postulate 4: (Time Evolution)

For an observable described by a pure state |¢)) € H, the change, that is not
caused by measurement, from the initial state |1)(¢y)) to the final state |1)(t))
is described by the time evolution operator U(t,to) € U(H). That is

[¥(t)) = Ut to) |¢(to)) -
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The time evolution operator U(t, ty) is the solution of the initial value prob-
lem

d
iUt to) = HOU(t.to)

Ulto, to) =1

(13)

where H (t) is the self-adjoint operator known as Hamiltonian”. The quan-
tum system is generated by the Hamiltonian.

%n this case time-dependent Hamiltonian

\. J

The total energy of the system is represented by the Hamiltonian 13. One can
understand a quantum system’s dynamics completely if one knows its Hamiltonian.
However, determining a system’s Hamiltonian can be challenging. For this thesis,
we will take the Hamiltonian as given and not delve into the process of determining
it.

Hamiltonian is a self-adjoint operator and has a spectral decomposition

H =3 M) (¥l (14)

where )\ are eigenvalues corresponding to the normalized eigenvectors [¢)). The
states [¢) are called energy eigenstates and ) is the energy of the state |1)).

Quantum computing algorithms heavily rely on Hamiltonian and Time evolu-
tion operators. Unitary operators V' applied on the quantum states are the building
blocks of elementary gates. Unitary gates are used to construct quantum circuits
in quantum computers and are implemented by creating a Hamiltonian that gen-
erates a time evolution U(t, t). That is, one finds H (t) and ¢ such that V' = U(t, ty).

Now we will state the quantum mechanical postulates for the mixed state. A mixed
state is a statistical mixture of several pure states'’. It is defined mathematically
as follows:

Postulate 5: (Mixed States)

A quantum state described by an operator p that has the following properties:

(i) p is self-adjoint

P =p-
(ii) p is positive
p=0.
(ii) p has trace 1
tr(p) =1

is called mixed state. The operator p is called density operator. The set
of density operators is denoted by D(H).

\. J

108ome authors use the term mixed state for truly non-pure states, which is not the case. We
are using the term in a general sense where pure states are special cases of mixed states.
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All the quantum mechanical postulates are redefined for mixed state.

Postulate 6: Generalization for Mixed State

1. Observables and Mixed States: The mean value of an observable A in
a mixed state p is

(A), = tr(pA). (15)

2. Measurement Probability: For an observable A described by mixed
state p, the probability of obtaining eigenvalue A € o(A) is given by the
projection Py onto the eigenspace Eig(A, \).

B,(A) = tr(pPy). (16)

3. Projection Postulate: Let the system be in the state p. Then measure-
ment has the following state transition

measurement, P,\PPA
trpPy

(17)
where P, is the projection onto the eigenspace of .

4. Time Evolution: For an observable described by a mixed state p, every
change that is not caused by measurement, from the initial state p(¢y) to the
final state p(t) is described by the time evolution operator U(t,ty) € U(H).
That is

p(t) = U(t, to)p(to)-
The time evolution operator U (t, to) is the solution to the initial value problem
as in the case of pure state.

Pure states 1) € H are a special case of mixed states.

py = ) (Y| = Py (18)

The probability to measure an eigenvalue \; of a observable A = )" |e;) A; (e;| can
be calculated as follows:

(Po)o, = tr(pyPe,) = tr([) (Wle) (eil) = D {enlt)) (Wlea) {eilex) = | (esl) I,

k

and the expectation value

(), = tr(pyA) = tr(|g) (W]A)) =Y (erlw) (Wles) A (eilex) = ZAI (ealv) |”

k?j

Interactions between a quantum system and its environment can transform pure
states into true mixtures. This phenomenon is known as decoherence. One of the

26



2.3 Quantum Mechanics Postulates 2 BACKGROUND

most difficult difficulties in the practical application of quantum computing theory
is avoiding decoherence over an extended time. We note again that knowledge of a
state p or |¢) only allows claims about the statistics of the ensemble given by the
state. Generally, one cannot accurately predict the behavior of individual objects
within an ensemble. This is due to the uncertainty in measuring an observable A

in the state p:
A(A) = <(A - 1) > (19)

where A,(A) can be seen as the standard deviation from the mean value (A),.

To describe the larger quantum system, we combine Hilbert spaces to form a
larger composite system. The following postulate gives a formulation to construct
the composite systems.

( A

Postulate 7: Composite Systems

For n sub-systems H%/, the composite system is represented as
®HAj — .. @ HA
j=1

where H4 € *H for each j € {1,...,n}. Here, we say that the system is in
composite state.

\. J

To measure composite state we use the density operator p on the composite state
®?:1 H4 as defined in Postulate 5. We can only measure the state of 1 sub-system
at a time. For simplicity, we will define the measurement for 2 sub-systems of Hilbert
space.

( )

Definition 2.17: Partial Trace [63]

Let HA, H? € H. Then partial trace over H” is the map
trf . L(H* @ HP) — LHY)
For M € L(HA @ HP), trP(M) is defined as

trP(M) = (1a@ (b)M(1a @ |b;))

j=1

where |b;) is any orthogonal basis for Hp and dp is the dimension of Hp.
Partial trace tr“(M) can be similarly defined.

Using the partial trace, we can define an operator p* from the composite system’s
state p. This operator has properties of density operators and describes the state
of the sub-system, say A when observed alone. Following measurement, the system
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will collapse to the measured state. This new state will also be normalized, allowing
for more quantum operations and measurements.

( \

Definition 2.18

A state p € D(H# @ HP) that is composed of the sub-systems H# and HZ is
called separable or product-state if there exist states pj‘ € D(HA), pf €
D(H?) indexed by j € I C N, and a positive real numbers p; satisfying

> pi=1

jel

such that
p=> ] @p}.

jeI

Otherwise, p is called entangled.

\. J

Therefore, the entangled states are states that cannot be factored into individual
states as shown in the example below.

Example 4

The following is an example of separable state:

1

(100) —[01) +[10) = [11)) = —=(|0) + [1)) @ (|0) — [1))

Sl

2
and following is an entangled state:

L (j00) + 1))

Sl

2

2.4 Quantum Computing
2.4.1 Quantum bits

In classical computers, the bit is the smallest unit of information, represented by 0
or 1. In quantum computers, the smallest unit of information is the quantum bit or
qubit. Before discussing its possible physical implementation, we first define a qubit
as a mathematical object.

( 2

Definition 2.19: Qubits

A qubit is a quantum mechanical system represented by two-dimensional

Hilbert space H and describes the quantum state of the quantum system. In
. 1 1

*H, the orthonormal eigenvectors |0) = [ﬂ, 1) = [0] of o, = [0 _OJ form

a standard basis with 1 and —1 as their corresponding eigenvalues®.

%Choosing orthonormal eigenvectors of o, is conventional.
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In general, the qubit can be represented by a state vector |1)) or density vector
p depending on whether it is in a pure state or mixed state.

The classical bits are either in one state or the other. By contrast, a qubit can
exist in a continuum of state between |0) and |1) until it is measured. This is due
to the superposition principle stated in the previous section.

Let a qubit be the following state

[¥) = al0) +b[1)

where a,b € C. As mentioned in Postulate 2, when one measures a qubit, one can
either observe the state |0) with probability |a|? or the |1) with probability |b]?.

Since |a|? + [b]* = 1, we can find 7, ¢,0 € R such that a = e cos % and b =
e +e) gin g. Thus, a qubit state has the general form

) = e” <cosg 0) + e sing |1>)

As there is no difference between [¢)) and € [1))'', we can ignore the factor ¢ and
write

0 , 0
|¢) = cos 5 |0) + ¥ sin B 1)

The parameters 6 and ¢ represent a point on a three-dimensional unit sphere. This
sphere is called Bloch sphere, as shown in figure 3, and it helps visualize the state
of a single qubit.

Note that the whole of the Bloch sphere represents all possible states of a qubit.
The two classical bits are represented by the north and south poles of the Bloch
sphere.

0)

1)
Figure 3: Bloch sphere representation of a qubit.

David DiVincenzo, in his seminal paper[64], describes the necessary conditions
for the physical implementation of a quantum computation. The spin of an electron

1See the definition of Ray in the previous section
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is one such physical implementation of the qubit. Bloch sphere can help us visualize
the spin of an electron.

Spin of an electron is the internal angular momentum of an electron. It consists
of three observables S;, Sy, S, corresponding to three directions in which electrons

can move. These are grouped together to form the spin, S = (5;,5,,5,) and are
defined in 2H. These operators are defined as follows:

1
S] — 50'.7 fOI“j E {I7y7 Z}

where o; are Pauli matrices defined below.

Definition 2.20: Pauli Matrices

The matrices 0; € Mat(2 x 2,C) indexed by j € {z,y, 2} and defined as

o1 o —i 1o
%=1 000 T i o] %% o -1

are called Pauli Matrices”.

“Some authors also include Identity matrix in Pauli Matrices.

J

Other physical manifestation possibilities are Trapped ions[65], polarized photons[66],

Cold Trapped lons[67] to name a few.

2.4.2 Quantum Gates

Quantum gates, also known as quantum operators, are used to manipulate qubits
without collapsing their quantum states. Quantum gates operate linearly while
preserving the norm, and take qubit from one state to another. Quantum register
or g-register are the qubits on which quantum operations are performed.

The time evolution postulate of quantum mechanics (4) implies that all quantum
gates must be unitary and are a solution to the initial value problem.

.

Definition 2.21

A quantum n-gate is a unitary operator
U :?H®" — H®".

For n = 1 a gate, U is called a unary quantum gate and for n = 2 a binary
quantum gate. All quantum gates are reversible, i.e., the output of the gate
can be used to uniquely determine the input.

Table 1: Examples of Unary Quantum Gates.

Gate Name Operator Matrix Symbol

. 01
Pauli-X X =o, L OJ q
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. o 0 —i
Pauli-Y Y =0, L 0 } q _._
Pauli-Z 7 = L0
auli- =0, 0 —1 q
Had d H = 9=40= o .
adamar = 1 —1 q
. , 1 0
Phase-shift ~ P(a) == ]0) (0] 4+ €™ |1) (1] 0 el q — P(a)}—
Phase-factor ~ M(a) = €1 e 0
ase-factor () =e 0 e q¢ — M(a)—
X-Rotation R, (a) [ cos %) - sin(%) R I
v —i sm(%) cos(%) Ry(a)
: . _cos(%) —sm(%)
Y-Rotation  Ry(«a) sin(8)  cos(2) ¢ — Ry(a) —
. fe=i2 ()
Z-Rotation R.(a) 0 e—i‘é‘} ¢ — R.(a) —
Table 2: Examples of Binary and 3-qubit Quantum
Gates.
Gate Name Operator  Matrix Symbol
1 000
I 0 01 00
Controlled-NOT CX,CNOT [0 X] =10 0 0 1 qJo —e—
0010 @1 —P—
[1 0 0 0O
0010
SWAP SWAP 0100 go i
000 1 !
1 00 0
01 0 O
Controlled Z cz 00 1 0 Q0
0 0 0 —1 0
[1 00000 0 O]
01 00O0O0O0ODTO
001 0O0O0TO0ODTPO
. 0001O0O0O0TFO
Toffoli CCNOT 0000100 0| %—e—
000O0O0T1O0OO ©*—¢—
00 00O0O0O0 1| 92—~H—
000O0OO0OOT1FPO

Barenco et al.[68] demonstrated the universality of a set of one-bit quantum gates
and two-bit CNOT gates, i.e., any unitary operations on any number of bits n can
be described as compositions of these gates.
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2.4.3 Quantum Circuits

Quantum circuits function similarly to conventional circuits, with quantum wires
connecting quantum gates that control qubits and make measurements.

Let’s look at a of a quantum circuit diagram 4 to understand it better. The
circuit is read from left to right. ¢y and ¢; are two input qubits whereas c is a
classical bit that is required to save the result of the measurement. Since in the
example there are two qubits, we need two classical bits to store the result. The
horizontal lines corresponding to qubits are called quantum wires. These are not
physical wires, rather they may correspond to the passage of time or the movement
of physical particles like photos or electrons. It is conventional to assume that qubits
are in computational basis state as inputs, usually |0). The vertical dashed lines are
used to separate each operation for better understanding and are not part of the
circuit per se.

| | | | |
qo : : O :|/74| : :

| | | | |

| | | | |

| | | | |
L =~
¢ //2 0 1

Figure 4: Example of Quantum Circuit.

Now, we will see what is happening in the circuit:

1. Qubits are initialized in the computational basis state.

2. Hadamard gate is performed on ¢;.

3. CNOT gate is performed with ¢; as the control gate and ¢y as target.
4. qo is measured and stored in 0-th bit.

5. ¢ is measured and stored in 1-th bit.

Although there are many similarities between classical and quantum circuits,
there are a few differences as well.

1. Measurement is implicit in a classical circuit whereas in quantum circuits there
is a special emphasis on measurement.

2. It is possible to join wires in a classical circuit. As this operation is not
reversible, it is not allowed in quantum circuits.

3. Quantum circuits are acyclic, i.e., there is no feedback from one part of the
circuit to another.

4. Tt is possible to copy a bit. However, it is not possible to create a copy of an
arbitrary qubit. This is known as No-cloning theorem.
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2.5 Adiabatic Algorithm

Let U(ty) be the eigenstate of a quantum system at some initial time t5. As time
increases, the quantum system will evolve according to the Schrodinger equation to
reach the final eigenstate W(¢;) at some final time ¢;. There are two ways to perform
this evolution on a quantum computer. The first way is to use a finite number of
gates Uy, ..., Uy and apply them on an initial state ¥ (o) to produce the final state
¥ (t1). For a pure state, this can be seen as:

|W(t1)) = UNUn—1...UUy |U(2p))

The second way is using Adiabatic Quantum Computation (AQC). AQC uses a
time-dependent Hamiltonian H(t) to generate a time evolution U(ty, ) that trans-
forms the initial pure state |W(¢y)) into the final state |¥(¢;)). This is possible due
to Postulate (4).

More precisely, let the system be initially in the jth eigenstate |®;(¢)) of the
initial time-independent Hamiltonian H;, at time t;, and let it evolve according to
the time evolution generated by H(t) until ¢; to the reach the jth eigenstate |®;(¢;))
of the final time-independent Hamiltonian Hy,. U(ty,to) |®;(f)) denotes the time-
evolved state. The Quantum Adiabatic Theorem (QAT) 2.27 tells us that under
certain conditions the eigenstate of the final Hamiltonian and time-evolved-state
can be made arbitrarily close to each other.

r

Definition 2.22

Let E;(t) and |®;(t)) denotes the jth ’instantaneous’ eigenvalue and ’instan-
taneous’ eigenvector, respectively, of the time-dependent Hamiltonian H(t),
where the index j € I C Ny and H(t) == H(to + tT) with ¢t € [0,1] and
T = tl — to.

t can be seen as a tuning parameter of the speed of the change of the
Hamiltonian and 7" as the total time.

Similarly, we define U(t) = U(ty + tT', t1).

Generally, |®,(¢1)) does not coincide with the state reached by time evolution
Ul(ty,to) from the initial state |®;(ty)). That is

|@;(t1)) # Ul(ts,to) |P5(t0))

and the goal of the adiabatic method is to design H(t) such that, at least for a
particular j, the difference between U(ti,to) |®;(to)) and |®;(¢1)) is as small as
possible. QAT 2.27 provides a bound on this difference as explained below. Before
stating the theorem, we need to state some assumptions and definitions.

Definition 2.23: Gap of Eigenvalue

Let H(t) € Bso(H). The gap of the eigenvalue E;(t) of H(t) is defined as
gj - [07 1] — R

e (0 = min { 150 - 501 | ke 1\ G) }
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Definition 2.24: Adiabatic Assumption (AA)

H(t) € By, (H) satisfies adiabatic assumptions if

(ii

(iii) The eigenvalues Ej(t) of H(t) do not cross, that is, H(t) has non-zero
gap.

)

(i) H(t) is at least twice differentiable with respect to every ¢ € (0, 1).
) H(t) has purely discrete spectrum {E£;(t)|j € I C Ny} for every ¢ € [0, 1].
)

Definition 2.25: Adiabatic Generator

Let H(t) € Bg,(H) satisfies the AA 2.24, and let {P;(t)|i € I'} the projections
onto the eigenspaces of H(t). For each j € I and total time T the adiabatic
generator H, ; is defined as

Hyj:[0,1] = By, (H)
te Hag(t) = TH() +i[B,(0), By (1)

where P;(t) is the derivative of P;(t).

Definition 2.26: Adiabatic Intertwiner

Let H,; be an adiabatic generator 2.25. For each j € I the adiabatic
intertwiner Uy, ; : [0, 1] — U(H) is the solution of the initial value problem

iUAjj (t) = HA,j (t)UAJ (t)
Ua;(0) =1

Theorem 2.27: Quantum Adiabatic Theorem (QAT)

Let H(t) € Bs,(H) satisfies the AA 2.24, and let {P;(t)|i € I} be the set of
projections onto the eigenspaces of H(t). Let g; defines the gap for H(¢) for
a given j € I 2.23 and, let U(t) and Ua ; be as defined in 2.22 and 2.26 and
let T" be the total time.

Then for all j € I and t € [0, 1] we have

It~ U P < S,
where
P ) oy i L E O L A
! 9:(®)?*  g;(0) 9;(u)? gi(u)?

0

QAT provides an upper-bound of the difference between the final state reached
by applying instantaneous eigenvector (U(t)) on the initial state and the final state
reached by applying time-evolution (Uy ;(f)) on the initial state. Therefore, if one
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can find a Hamiltonian that satisfies the AA, one can solve optimization problems
using the following algorithm [33],[69]. It can be seen that in order to have better
result one can either have large total time 7" value and/or large gap g.

Now that we have the necessary conditions in which one can use the QAT to
find the upper bound, we can define the adiabatic algorithm.

Algorithm 3: Adiabatic Algorithm

1. Find a Hamiltonian Hp that has an eigenstate |¢) with the lowest
eigenvalue.

2. Find a Hamiltonian Ho that encodes the optimization problem one is
trying to solve.

3. Construct a time-dependent Hamiltonian H(t) that satisfies the AA
2.24. It can be written as:

H(t) = (1 _ é) Hy+ (Z) He

where t; is the final time, ¢ € [0,7] and 7 is the total evolution time.
H(t) is known as transitional Hamiltonian and it encapsulates the adi-
abatic evolution path.

4. Prepare the quantum system in the initial state |y, ).

5. Evolve the system from ¢ = ¢, to the final time ¢ = ¢; with the time
evolution U (t1,%y) as mentioned in the Postulate (4).

6. Observe the final state U(t1, to) [14,) which will correspond to the lowest
eigenvalue of He.

According to the Adiabatic Algorithm, if one starts in a highest /lowest eigenvalue

of Hp then the system will evolve into a system that will have the highest/lowest
eigenvalue of H¢, provided the process runs for a long enough time and the gap of
eigenvalue remains large. This is due to AA (iii).
Although the Adiabatic Algorithm requires continuous state evolution (AA (i)), it is
possible to emulate this process on a gate-based quantum computer by Trotterizing
U () into sufficiently small steps. This involves decomposing U () into a sequence
of small steps using the Trotter-Suzuki formula:

H exp [ iH(kAT) AT] H exp [ if kAT)HCAT] exp [ ig(/{?AT)]:IBAT]
(20)
where At =:t/T, f(t) = (1 — —) and g(t) = <%> We observe that as k increases,

f(kAT) increases while g(kAT) decreases. Consequently, the time steps of He will
decrease linearly, while those of Hg will increase linearly. A detailed mathematical
description of Trotterization is discussed in Subsection 2.7.
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In the next sub-section, we will look into the kind of matrices (Hamiltonian) that
satisfy the AA and the uniqueness of the solution.

2.6 Irreducible Matrices

Irreducible matrices play a central role in the proof of the Perron-Frobenius Theo-
rem 2.40. The Perron-Frobenius Theorem demonstrates the existence of a unique
maximum eigenvalue for a non-negative irreducible matrix. This result is crucial in
showing that irreducible matrices satisfy the AA, which explains why the Adiabatic
Theorem can be applied in QAOA at every iteration.

( 2

Definition 2.28: Non-Negative and Positive Matrices

Let M,, be the set of all nxn matrices and A = [a;;] € M, withi,j € {1,...n}.
Then A > 0 is non-negative matrix if all a;; are real and non-negative.
Similarly, A > 0 is positive matrix if all its entries a;; are real and positive.

Definition 2.29: Irreducible

A matrix X is said to be cogredient to a matrix Y if there exists a permuta-
tion matrix P such that X = PTY P. A non-negative matrix A € M,,, n > 2,
is called reducible if it is cogredient to a matrix of the form

o )

where B and D are square submatrices. Otherwise, A is irreducible.

From the definition of irreducible matrices, it is clear that a matrix that has
either a row or a column full of Os cannot be irreducible.

To prove the Perron-Frobenius Theorem, we state some properties of Non-negative
matrices without proving them. Let A, B € M,, then the following holds:

A" < |A"Vm=1,2,... (21)

fO<A<B, then0<A"<B"Vm=1,2,... (22)

If [A] > |B], then ||A]| > [|B]| (23)

[A[l = [IA[] (24)

where ||.|| is the matrix norm, which for a matrix A € M,, is max ||Az|| such that
]l = 1.

[ Theorem 2.30 |

For A, B € M,, if |A| < B, then p(A) < p(|A]) < p(B).

36



2.6 Irreducible Matrices 2 BACKGROUND

Proof. Let |A| < B then A < |A| < B

= A™ < A" < B"

|A™| < [A™ < B™

4m) < lA1] < 1B and

[A™ [ < ([LA[™ [ < | B™]]

for m = 1,2,.... The inequality follows since A and B are non-negative matrices.
Now let m — oo and apply 6.2, we get p(A) < p(|4]) < p(B).

N
(\V]

I s e |

) O

[ Corollary 2.31

Let A,Be M,. If 0 < A < B, then p(A) < p(B).

Proof. Follows from 2.30. m
Theorem 2.32 )
Let A € M, and suppose that A > 0. Then

1I£ii§nnz;aij <p(A) < max > a;j
J= J=

Proof. We define o = min;<;<j, Z?Zl a;; and construct a new matrix B with A >
B> 0such that 337 by =aVi=1,2,....
To see if such a construct is possible, consider the following two cases:

1. ifa=0,set B=0
2. ifa>0,set by = aaij(Z?:l aij)_l

From 6.3, we have p(B) = .
And from 2.31 we have p(B) < p(A). Similarly, the upper bound also follows. [

Corollary 2.33 ]

Let A € M, and suppose A > 0 and > 7 Vi = 1,2,...,n then p(A) > 0.
That is, p(A) > 0if A > 0 or if A is irreducible and non-negative.

\

Proof. Follows from 2.32. m

Definition 2.34: Perron Vector

Let A € M, and suppose A > 0. Then the vector x is called Perron vector
if Av=p(A)z, z>0,and > x; =1

Theorem 2.35

Let A € M, and A > 0 then p(A) is an eigenvalue of A and 3 = > 0 such that
Az = p(A)z.
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Proof. For any € > 0, let A(e) = [a;; + €] > 0.

To show the existence of x > 0, let z(e) be the Perron vector of A(e). By definition
of Perron vector we have z(e) > 0 and > | x(e); = 1.

Now, define the set of vectors {z(¢) : € > 0}. We see that this set is contained in
the compact set {x : € C", ||z||; < 1}. Therefore, by Bolzano-Weierstrass theo-
rem and Monotone-convergence theorem [70], there a monotone decreasing sequence

€1, €, ... with limg_,. € = 0 such that limy_,., z(e) = z holds.
x(eg) are also Perron vectors, therefore, z(e;) > 0 Vk = 1,2,..., and the following
holds

x=lim z(e) >0 and x#0

k—o0

as
n

n

E x; = lim x(eg); = 1.
k—o0

i1 i=1

From 2.30 it follows that p(A(ex)) > p(A(€xt1)) > -+ > p(A) Vb = 1,2,...,
which means the sequence of real numbers {p(A(er)) }r=12... exists and p > p(A).
Now as x(e) is a Perron vector, we have

Az = klim Aler)z(er) = klim p(Aler))x(ex)
= klim p(A(er)) klim x(eg) = px

and that x # 0 (as shown above). This implies that p is an eigenvalue of A. ]

[ Theorem 2.36 ]

Let A € M,, and A > 0 then p(A) is an eigenvalue of algebraic multiplicity 1.

Proof. We will prove this by contradiction.
Using Schur Triangularization theorem 6.4, A can be written as

A=UAU"

where U is unitary matrix, A is an upper triangular matrix whose main diagonal
entries are eigenvalues of A.

By 2.35, p = p(A) is an eigenvalue of A. Let the algebraic multiplicity of p be k > 1.
Then using Schur Triangularization theorem, the main diagonal entries of A can be
written as p, ..., 0, Mgty - -, An-

However, by 6.5 we have

L= lim [p(A)~'A]™ (25)
m—00
_1 -m
X
. 1 .
= Un]bl_rgo Mes1 U (26)
O P
An
L p -
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=U lim

m—o0 0

U (27)

0

where the diagonal entry 1 is repeated k times and the diagonal entry 0 is repeated
n — k times. This implies that L has rank at least k. However, due to 6.6, L is a
positive matrix of rank 1. Therefore, £ > 1 is not possible. O]

Theorem 2.37

Let A€ M, and A > 0. Then A is irreducible <= (I + A)""1 >0

. J

Proof. We will prove A is reducible if and only if (I + A)"~! > 0 has at least one 0
entry.

= Assume A is reducible. By definition, there exists a permutation matrix P
such that A can be written as a block upper triangular matrix:

B C

orn[r O

] PT = PAPT

where B, C,0 and D are block matrices.

Notice that A% A% ..., and A"~ all have the 0 block of the same size in the lower
left of A. Now consider

(I+ A"t = (I 4+ PAPT)"!
= (P[I + AJPT)""' since PPT = PP ' =1
= P(I+ A" 'PT  since P! =P

:P[I+(n—1)fl+<n;1)A2+...+(Z:1>An1} pT

and notice that all of the terms in the square brackets have an 0 block in the lower
left. Therefore, (I + A)"~! is reducible and hence it has at least one 0 element.

<« Conversely, assume (I + A)"~! has at least one zero entry. This implies that
there exists at least one pair (i, 7) with i # j (4, ) element of (I + A)" ! is 0.
Consider a graph G(A) associated with A. Then each element in A corresponds to
a directed edge. As (I + A)"~! has a zero entry, this means there does not exist a
path between ¢ and j node of at most n — 1 length. This implies that the graph
can be partitioned into at least two non-empty sets S and T with no edge between
them.
Now, we can rearrange the elements of A using some permutation matrix P such
that A can be transformed into a block upper triangular matrix as follows

B C

s r s
A=P AP_{O D

} , BeM, 0€M,_,,
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Therefore, A is reducible.
From this we conclude that A is irreducible if and only if (I + A)"~! O

r

Theorem 2.38

Let A € M, and let Aj,...,\, be the eigenvalues of A (including mul-
tiplicities). Then Ay + 1,..., A, + 1 are the eigenvalues of I + A and
p(I+A) <14 p(A). If A>0, then p(I +A) =1+ p(A).

. J

Proof. For i € {1,...,n}, let \; € 0(A) be an eigenvalue of A with multiplicity k.
Then ); is a root of the characteristic equation

pa(t) = det(tl — A), i.e., pa(\;) =det(MI —A)=0

with multiplicity of k.

Since det(t] — A) = det[(t+ 1) — (A+I)], therefore \; + 1 is a root of pa,;(t) =
det[t] — (A+ I)], i.e., A\; + 1 is an eigenvalue of I + A.
Therefore,
p(I +A) = 112%>%|)\Z +1] < max IXi] +1=p(A) + 1.

Now assume that A > 0. This means that I + A > 0 and therefore by 2.35, we
have that p(I + A) is an eigenvalue of I + A. Using the proof above, this means
1+ p(A) is an eigenvalue of I + A. Therefore, we conclude p(I +A) =1+ p(A). O

r

Theorem 2.39

Let A € M,. Further assume that A > 0 and A¥ > 0 for some k£ > 1, then
p(A) is an algebraically simple eigenvalue of A, i.e., p(A) has an algebraic
multiplicity of 1.

. J

Proof. We will prove this by contradiction.
Let Ap,...,\, are the eigenvalues of A. Then \¥, ... A\f are the eigenvalues of A*
since AAr = A(\z) = Mz = A%z, which can be extended to A*.

As A is non-negative, it follows from 2.35 that p(A) is an eigenvalue of A.

Now, assume p(A) has multiplicity greater than 1. Then p(A)* = p(A*) will
have a multiplicity eigenvalue of A*. However, since p(A¥) is a positive matrix, by
2.36 p(AF) is a simple eigenvalue which is a contraction. Therefore, p(A) is simple
eigenvalue of A. m

,

Theorem 2.40: Perron-Frobenius Theorem

Let A be an n x n complex matrix and suppose that A is irreducible and
non-negative. Then

(a) p(A) > 0;
(b) p(A) is an eigenvalue and 3 = > 0 such that Az = p(A)z ; and

(¢) p(A) is an algebraically simple eigenvalue of A.
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Proof. (a) follows directly from Corollary 2.33.

(b) follows from 2.35.

(c) 2.38 shows that if p(A) is a multiple eigenvalue of A then 1+ p(A) = p(I + A)
is a multiple eigenvalue of I + A.

However, since A is non-negative and irreducible implies that I + A > 0. Therefore,
by 2.37 we get (I + A)"~! > 0.

Finally, by using 2.39, 1 + p(A) is an algebraically simple eigenvalue of A. O

e

Definition 2.41: Strongly Connected Graph

A directed graph I is called strongly connected (SC) if between every pair
of distinct nodes P;, P; in I there is a directed path of finite length that begins
at P; and ends at ;.

Theorem 2.42

Assume A € M, and A > 0. Let P;, P; € I'(A) be two nodes. Then there exists
a directed path of length m in I'(A) from P; to P; if and only if [A™];; # 0.
Here, [A];; means the (4, j)-th element of A.

\. J

Proof. We will prove it by induction.

For m = 1 the claim follows trivially.
Let m = 2. Since [A?];; has length 2, it can written as follows:

n n

(A% = (Al Al =) ain - ax

k=1 k=1

[A2]ij # 0 <= there exists at least one k for which both a;, and az; are not zero
<= there is a path of length 1 from P; to P and of length 1 from P, to P,
<= there is a path of length 1 from P; to P;.

Now, let us suppose that the claim holds for the case m = ¢. Then following as

above:
n n

(AT =Y (AN ALy =) (A% - axg

k=1 k=1

[AqH]ij # 0 <= there exists at least one k for which both [A%);; and ay; are not zero
<= there is a path of length ¢ from P; to P, and of length 1 from P to P;
<= there is a path of length ¢ + 1 from F; to P;.

[ Theorem 2.43
Let A€ M, and A > 0. Then A has property SC iff (I + A)"~ > 0.

e’
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Proof. Using binomial expansion, we have

(T+A)" =T+ m-1A+ (";1)A2+---+ <Z:;>A"1

Then (I +A)" ' >0

<= T anode (i,j) with i # j such that at least one of A, A% ..., A""! has a
positive (i, j) entry

ZZ there is some directed path in I'(A) from P, to P;.

<= [I'(A) property SC. O

Theorem 2.44

A is irreducible <= A has property SC.

\

Proof. Direct consequence of 2.37 and 2.43 [

Theorem 2.45

Suppose A is an irreducible non-negative matrix and let D be a diagonal
matrix with positive entries. Then A + D is irreducible

\. J

Proof. Since A is irreducible then A has property SC. Adding a diagonal matrix D
will not remove any path between any nodes. O

2.7 Trotterization

In this section, we look into unitary evolution groups and their role in defining
Stone’s theorem. Stone’s theorem establishes a one-to-one correspondence between
self-adjoint operators and unitary evolution groups. We conclude this section with
the proof of the Trotter-Suzuki formula, also known as the Trotter product formula.
The Trotter product formula enables the use of the adiabatic algorithm on a gate-
based quantum computer, as quantum gates are, by definition, unitary operators.

[ Definition 2.46 ]

A map G : R — B(H) is unitary evolution group on H if G(¢) is unitary
operator onto H and G(t + s) = G(t)G(s),Vt,s € R.

t and s play the role time in quantum mechanics.

Definition 2.47

If G(t) is a unitary evolution group, the operator 7" defined by

1
dom(T) = {f e H:3lim —(G(h) — 1)5},
h—0 h
that is, & € dom(T) iff t — G(t)¢ is differentiable at ¢t = 0,
7€ = i lim %(G(h) _1)6, €€ dom(T),

is called the infinitesimal generator of G(t).
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As mentioned in quantum mechanics postulate 4, it is common to construct
a unitary evolution group from a self-adjoint operator (or Hamiltonian). Unitary
evolution groups result in the time evolution of quantum states, which are solutions
of Schrodinger equations. The following two theorems provide the mathematical
description of this process, which we will state without proof.

( 2

Theorem 2.48

If T is self-adjoint, there exists a strongly continuous unitary evolution group
U(t) for which T is its infinitesimal generator. Then U(T) = e 4T t € R.

Theorem 2.49: Stone theorem

If U(t) is a measurable unitary evolution group on H, then its infinitesimal
generator T is self-adjoint, that is, U(t) = e 7.

Let T, S € H be two self-adjoint operators such that 7'+ S is also self-adjoint,
with dom(T + S) = domT Ndom.S. The question we are interested in is: what is the
relationship between e~*(T+9) and the individual unitary evolution groups e~*’ and
e~™37 This question arises in QAOA when we approximate the sum of operators in
2.55. The following theorem shows that it is possible to write e=*T+5) in terms of
the individual unitary evolution groups.

s D

Theorem 2.50: Trotter Product Formula

Suppose that T, S € H are self-adjoint operators such that 7'+ S' is also self-
adjoint, with dom(T + S) = D = dom(T) N dom(S). Then, for each t € R,

we have

—it(T+S) _

t 4+t
e t=T tnS)n'

s— lim(e""n"e
n—o0

\. J

Proof. We will first consider the two important points in the proof:

1. For0 #h € R and € € D, let

Uh(f) — % (efitTefitSf . efit(TJrS)é-) ) (28)

Using the definition of unitary evolution group, we see that the domain D is
left invariant by e™*7,e7*% and e *T*5) Vs € R. Consider the following

identity for £ € D

<e—itS _ 1) (e—it(TJrS) _ 1)

—itT '
() = Ve e T2l (€T D,

This implies that lim, o us(§) = 0. Further, let uo(§) == 0,£ € D.

2. For n € N and expanding 28, we get

(e—itT/n)e—itS/n)n . ( —it(T+5S) /n) (e—th/ne—itS/n)n . e—it(T—l-S)

|_I

_ (e—itT/ne—itS/n)j
7=0
x [e
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From 1. above we see that uy : D — H is linear and bounded for each h. Further,
we see that for fixed £ € D, w;, is continuous as a function of h. This gives the
pointwise convergence u;(£) — 0 as h — oo which implies that there exists ¢(£) > 0
for which [Jus(§)]| < ¢(§) Vh € R.

Since T'+ S is self-adjoint, it is closed. Therefore, the domain D with the graph
norm'” ||.||l;, ¢ forms a Banach Space. Now, by applying the Uniform Boundedness
Principle 6.7 to the family uy, : (D, ||.||;,¢) — H, there is C'> 0 so that

[un(l < Cligllry s Yh e R, € €D,
Now, introduce the map for each fixed &£ € D,
Rt & =e"T5¢ € (D, ||.|lrrg)-
Then using the fact that 7% is unitary as well, we have

1€ — £8||T+S 1& — €s||2 +|(T+ S)& — (T + S){SH2 (from the definition of graph norm)

_ ”eﬂt T+S)€ efis(TJrS)f“? 4 ||(T 4 S)efit(TJrS)g (T + S)efis(T+S)£H2

” GU(T+S) —it(T+S) £ GUT+S) g—is(T+S) ng

+ H (T + S)e it(T+S) —it(T—&-S)S — (T + 8)e it(T+5S) e—is(T+S)5H2
_ ”5 p—it(s—t)(T+5) 5H i ” (T + S)¢ — zt(s—t)(T+S)(T_'_S)§H2

This converges to 0 as s — ¢, that is, the map ¢ — & into (D, .||, ¢) is continuous.
Thus, for fixed ¢ € R, the compactness of the interval [—|¢|, |¢|] imply that

Jeo = {& + [s| < [t}

is a compact set in (D, ||.|[;,¢) as continuous images of compact set is again com-
pact. Hence Jg; is totally bounded in (D, ||.|[;,¢) as compactness implies totally
boundedness. Therefore, the triangular inequality and the above uniform bound-
edness conclude that the restriction to the continuous family of linear operators
up, : Jep — H converges to 0 uniformly as A — 0. That is maxg < [|un(&s)]] — 0 as
h — 0.

Let h = t/n and note that (n — 1 — j)/n < 1. Thus, by 2. above we have,

H (efitT/n)efitS/n))”é _ efit(TJrS)gH < max Hn [ —itT/n ,~itS/n _ efit(T+S)/n:| efis(TJrS)gH

s|<[¢]
< |t| max 1 [e_ihTe—ihS _ e—ih(TJrS)} e~ is(TH8) ¢
[s|<t| || h
— |t
| I‘rsrllgﬁlluh(&)ll

which goes to 0 as h — 0, that is, as n — oo. This implies
(6—itT/ne—itS/n)n£ N e_it(T+S)€, vg e D.

Since the involved operators are unitary, this convergence extends to the closure of
D, that is, it holds on H. O

12Graph norm of T on domT is ||€||, == (HTEH2 + H£||2)1/2
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2.8 QUBO Problems

Until now, we have seen most of the mathematics required to describe QAOA. How-
ever, the question remains: how to formulate the optimization problem such that it
can run on quantum computers? To answer this question, one needs to understand
two things: 1. Ising Models and 2. Quadratic unconstrained binary optimization
(QUBO) problems'”.

Ising Models[55] provide a framework for representing a physical system using
a regular lattice arrangement of molecules. This representation is not limited to
molecules; in this thesis, we focus on the lattice arrangement of qubits. Each node
in the lattice is assigned a two-valued variable. Depending on whether the variable
takes the value +1 or —1, the molecule at that node is said to have spin up or spin
down'*. This two-valued variable is referred to as the spin o; for node i. We assume
that only neighboring spins interact with each other. A configuration of the lattice
refers to a specific set of values assigned to all the spins. If there are N nodes, there
will be 2V possible configurations.
The optimal lattice configuration is given by[71]

argmin(oJo + h'o)
g

where o; € {—1,+1}, J is an operator that describes the interactions, and h is
called the external magnetic field. The following Hamiltonian represents the Ising
objective function:

Hy =) J; 070} + 0ihio}
1,
where o7 is the Pauli Z operator acting of qubit i.

() OO
\_/ ST\

O—O—0
O—O—0O

Figure 5: A possible configuration of a finite square lattice.

What physicists call the Ising model, mathematicians call QUBO problem[37].
In a QUBO problem|[72], the vector of unknowns x = (1, ..., z,) is represented by
decision variables taking discrete binary values, so that x € {0,1}". Moreover, a
QUBO problem is defined by a square symmetric matrix Q € R™™. Given the cost
function

Cx)=x"Qx = i Qijrivy, (29)

1,7=1

131t is also known as Unconstrained Binary Quadratic Programming (UBQP)
14Other interpretations are also possible, but for our discussion, this interpretation suffices.
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a QUBO problem aims to find the optimal vector z* such that

" = arg min C'(x) (30)
xe{0,1}"

QUBO can also be defined as maximization problems instead of minimization ones
by simply inverting the sign of the cost function C'(x).

QUBO instances can also be seen as a one-to-one correspondence with Ising
models[37]. Ising problems replace the original QUBO variables x € {0,1}" with
Ising variables o € {—1,1}", such that o; = 22; — 1 for i = 1,...,n. The final Ising
Hamiltonian, which depends on o, is equivalent to Eq. 29 except for a constant
irrelevant to the optimization. A more detailed explanation of the relationship
between QUBO and Ising models can be found in [73], [74].

2.9 Variational Quantum Algorithms

The quantum computers of the current generation are called NISQ devices [12].
NISQ devices have limited number of qubits with short lifespans and high error
rate, making it challenging to run a quantum algorithm on these devices success-
fully. Variational Quantum Algorithms (VQAs) [40] provide the quantum advantage
on NISQ devices. VQAs are optimization-based approaches that are similar to neu-
ral networks in machine learning. They uses a hybrid approach, by running the
parameterized quantum circuit on the quantum computers and uses classical com-
puters to optimize the parameters. This approach keeps the quantum circuits short,
mitigating the noise issue. It also faces challenges like accuracy and efficiency.

Training set

Cost function
Ansatz

It

C(8) = Xk fild, pi

-
'

Input

'_ Output

Classical Computer

Quantum state
Probability distribution
Bitstring

Updated parameters

Optimizer
arg min C(d)
7]

: Gate sequence
e g Quantum operator

Hybrid Loop

Figure 6: Schematic diagram of VQA.

VQAs have two main components: 1. cost (or loss) function and 2. ansatz. VQAs
use a quantum computer to estimate the cost function C'(f) while leveraging the
power of classical optimizers to find the parameter 6. Let’s look at each component
in more detail now.

1. The cost (or loss) function encodes the solution to an optimization problem.
Without the loss of generality, the cost function can be written as

where f is a function determined by the task at hand, U(#) is the parametrized
unitary, {px} are the input states, and {Oy} are set of observables.
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The cost function should have certain desired properties. First, it must be
faithful, meaning that the minimum of C'() corresponds to the problem’s so-
lution. Second, it must be possible to efficiently estimate C'(f) by making mea-
surements on quantum computers and performing post-processing on classical
computers'®. Third, it must be operationally meaningful, such that smaller
cost values indicate better solutions. Finally, it should be parameterizable.

2. Ansatz can be seen as a parametrized quantum circuit. The structure of ansatz
generally depends on the problem at hand. In some cases, problem-specific
information can be used to design an ansatz. These are called problem-inspired
ansatze. However, generic ansatz architectures also exist. For the cost function
31, the parameters ¢ can be encoded in a unitary operator U () that is applied
to the input states of the quantum circuit. U(#) can be generically expressed
as the product of L unitaries applied sequentially

U(0) = Un(6y) ... Us(6:) U3 (61)

Each individual U;(;) may also contain unparameterized components.

R P can W e I G
U@) | = :|ti@)| |a®2)] - - - U0 -

Figure 7: Schematic diagram of an ansatz.

VQAs rely on variational theory [75]. Variational theory is a method for
evaluating and improving predictions about the shapes of wave functions. It is
used to calculate the lowest expectation value of a specific observable, typically the
ground state energy, within a trial wave function. This trial wave function is called
variational because it is parameterized by a set of values used to fit a generic wave
function to the system and find the minimum expectation value. This process is
defined in terms of a Hamiltonian H and a trial wave function |Yx) to determine the
ground state energy of the system, Ej, which is bounded as follows:

E, < M (32)

A

15The implicit assumption is that it should not be efficiently computable on classical computers.
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Variational algorithms aim to minimize the Hamiltonian’s expectation value by find-
ing a parametrize |¢;). This is done by approximating the eigenvector |¢;) with the
lowest eigenvalue, Fj, by iteratively improving the ansatz. The ansatz consists of
the initial trial wave function and the first set of parameters How hese parameters
are chosen depends on the context of the problem to be solved.

The choice to form an ansatz as a variational problem allows the use of quantum

computers. The optimization problem can be encoded as a Hamiltonian can be
written as the sum of unitary operators.
As mentioned before, the optimization of the parametrized quantum circuit happens
using classical algorithms. The optimization problem associated with VQAs is itself
NP-hard problem[76]. Other challenges include the stochastic environment due to
finite measurement possibilities, hardware noise, and barren plateaus [77]. This
led to the development of quantum-aware optimizers. However, the choice of the
optimal optimizer is a topic of active debate, therefore, we will just give certain
examples without going into details. Classical optimizers that are used in VQAs
can be broadly classified:

1. Based on Gradient descent methods. Some examples include Adam[78], Adap-
tive Optimizer [79], Stochastic Gradient for hybrid approach [80].

2. Other methods. Some examples include Meta-learning [81], Simultaneous Per-
turbation Stochastic Approximation[82]

2.10 QAOA

The QAOA is a quantum algorithm that can be used to find approximate solutions
for COPs|[8]. It was first introduced as a VQA capable to find approximate solutions
to the MaxCut problem, and suitable to be run on NISQ devices. Before explaining
the algorithm, we need some terminology.

e B

Definition 2.51: Objective Function

Let

C(z) =) Cal2)

be the objective function of the COP which is specified by n bits and m
clauses. z = 2129 - - - 2, is the bit string. C,(z) = 1 if z satisfies clause o and
0 otherwise.

We have defined objective function as Boolean satisfiability problem (B-SAT)
[83]. By definition objective function is an operator with non-negative values. There-
fore, it is diagonal in the computational basis vector |z) in a 2"-dimensional Hilbert
space. This means the objective function can also be defined in terms of the unitary
operator.
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Definition 2.52: Cost Hamiltonian

Let C be the objective function in £(H). Then C is called cost Hamiltonian
and using Postulate 4 it can be defined as a unitary operator

ele) = 0 = [[ e

a=1

where v is a variational parameter that lie between 0 and 2.

Definition 2.53: Mixer Hamiltonian

Let B be defined as the sum of all single-bit Pauli X (0%) operators

B=) ol =0i@I°" V1 [ ®cy @ I°"? 4+ .. +1°" D g0
j=1

Then B is an irreducible self-adjoint operator and is called mixer Hamilto-

nian. Using Postulate 4 one can define B in terms of a unitary operator

n

UB(@ — o BB _ H o180}

J=1

where [ is a variational parameter which runs from 0 to .

\. J

These layers are analogous to the exponentiated operators on the right-hand
side of Eq. (20). However, instead of following predefined f and g functions, the
parameters v and [y are trained variationally. In this sense, QAOA can be regarded
as a discretized version of the Adiabatic Algorithm and a special case of VQE.

( 2

Definition 2.54: Problem Hamiltonian

Let H(t) € L(H) be a time-dependent Hamiltonian defined as the convex
combination of the Mixer and Cost Hamiltonian

H(t) = (1-s(t))B+s(t)C

where s(0) = 0 and s(7') = 1 with T" being the total running time. H(t) is

called the problem Hamiltonian.

QAOA uses Trotterization (2.50) so that NISQ devices can be used to solve the
optimization problem. As NISQ devices can only maintain the state of a given qubit
in the range of a microsecond, it is imperative to truncate the adiabatic algorithm.
This is what QAOA is: a truncated version of an adiabatic algorithm for NISQ
devices. This truncation gives us the approximate result that is the whole objective

of QAOA.
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Definition 2.55: Truncated Hamiltonian

Let H be the problem Hamiltonian. Then the truncated Hamiltonian in terms
of unitary operator is

U(T) ~ I} _ exp[—iH (kAt) At]

where U(T) represents the evolution operator from 0 to 7. Using Trotteriza-
tion (2.50), for two non-commuting operators it becomes:

U(T) ~ II7_, exp[—i(1 — s(kAt)) BAt] exp[—is(kAt)CAt]
where B and C' are mixer and cost Hamiltonian respectively.

Furthermore, time-dependent components are redefined: (1 — s(kAt))At as
Br and s(kAt)At as v, which give us the unitary operator forms of the mixer
and cost Hamiltonian respectively.

With (= (b1, B2, -+, Bk)) and v(= (71,72, - , %)) as variational parameters,
Variational Quantum Algorithm (VQA) [40] can be employed to solve for § and ~

which in-return solve the optimization problem.

-

Definition 2.56: QAOA Ansatz

Let |s), the initial state, be the uniform superposition over computational
basis states and z as defined in 2.52

1
!S)Z\m—ngld-

Then the QAOA ansatz is formed by alternating applying the unitary opera-
tors of cost and mixer Hamiltonian on the initial state

7. 8) = U(8,)Uc (1) - - Up(B1)Uc(m) |s)

where p defines the number of iterations.
Note that the initial state is the highest energy eigenstate of the mixer Hamil-
tonian.

Now we have all the tools to solve and show the convergence in QAOA.

Theorem 2.57: QAOA

.

Consider the objective function in (2.51). Let ¢* = max, C(z) be its optimal
value and F,(, ) be the expectation of cost Hamiltonian in the final state of
the QAOA ansatz truncated at p. Then

o H;%XFp(%B) =c

J

Proof. By the definition of expectation of a Hamiltonian in a quantum state, we
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have

where C' is the cost Hamiltonian and |y, 8) is the final quantum state of QAOA
ansatz. F), is an eigenvalue of the cost function.
Let M, be the maximum of F}, over the angles

MP = mnax FP(77 ﬁ)
7.8

Due to the Perron-Frobenius theorem (2.40), we know that M, will be positive.
Therefore, as the value of p in the QAOA ansatz increases there are only two pos-
sibilities:

1. We will find quantum state |y, §) that results in an increase in F,, (and ulti-
mately in M,,).

2. Or we will find quantum state |y, §) that result in a decrease in F,,. However,
one can always choose 7, and 3, such that M, stays the same.

This results in the following inequality
M, > M,_,
The above inequality along with Adiabatic Algorithm (3) completes the proof

lim M, = maxC(z)

pP—00
where z is quantum state after measurement F, as per Postulate (2). O

Now we will bring everything together and define the QAOA algorithm[47]:

Algorithm 4: QAOA Algorithm

1. Let He be the cost Hamiltonian such that its highest energy state en-
codes the solution to the optimization problem. Let Hp mixer Hamil-
tonian that does not commute with H.

2. Initialize the quantum circuit in the state |s) which corresponds to the
highest energy state of Hg:

|5) = [+)*" = D) (33)

where n is the number of qubits.

3. Construct the ansatz and apply the unitaries:

Uc(y) =e e = ] Rzaz(—2wi7) (34)
1=1,7<1
Up(B) = e~ = [] Rx.(28) (35)
=1
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where v and [ are variational parameters, Rx and Ry are the rotation
gate and Ry is between two CNOT' gates.

4. Let p > 1 be the number of QAOA layers. Now, initialize the 2p vari-

ational parameters v = (71,%,...,%) and 8 = (51, Be,...,[,) with
v € 10,27) and B, € [0,7) for k = 1,...,p. The final stage output of
the circuit is

[ty (7, B)) = e~ rmetntic | emibifinemintic (36)

5. Calculate the expectation value of the He with respect to the ansatz

state [¢,(7, B)).

6. Use a classical optimization algorithm to iteratively update v and /3 to
find the optimal set of parameters (v*, 5*) such that the expetation value
F, (7, B) is maximized:

(7*7ﬁ*> = argr;laXFp(77B> (38)

At the end of the algorithm, the approximation ratio « will be given by:
F P<7*7 ﬁ *>

o= ———

Cmax 7 (39)

and the state |1,(7*, %)) will encode the solution to the optimization problem.

It is worth noting that QAOA is often initialized with the mixer Hamiltonian’s
greatest energy eigenstate rather than its ground state. Nonetheless, the adiabatic
theorem is still valid in such instances.

' T Ve N
0y | HE™ | | Uc(m) | | Un(By) Uc(vy) | | Un(By) A
i 4 e v h. J /
|S) Ansatz Measurement QPU side
” CPU side
Variational parameters Optimization
Y= (117 s ) B= (B1, B2y - - -+ Bp) s F,(,8)

Figure 8: QAOA workflow with p layers

Now let’s have a look at what exactly happens when the unitary operator of the
cost Hamiltonian is applied on a 2-qubit system:
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Example 5: Implementing U (v) on 2-qubits

For a Uc(7) gate, we should expect the result:

|z129) —>UC(7) e~ 02 =L |z129)

= 7% (g By |00) + By [01) + 180 |10) + By [11))
_ = N102(00),~C100) o 3 100) 4 ¢~ PC20D=C1OD g 3 101)
+ emPC2(10),=nC110) o g 110) 4 = C2(1)=nCID g, 51 111)
= e %08, [00) + e a3, |01)
+e e a8y |10) + e ey By [11)
= 0 |00) + By |01) 4+ e~y B [10) + e 7y By 11)
= apfo [00) + agfy |01) + R(7)a1 80 [10) + R*(v)au By |11)

3 Quantum Job Shop Scheduling Problem

3.1 Problem representation

As previously stated, job shops are scheduling problems in which a set of machines
perform jobs. Each job consists of an ordered list of operations with each opera-
tion requiring a specified machine with a defined processing time. Here, we use the
following formulation of JSSP[45]. J = {ji,...,Js} represents the set of J jobs,

each with O; operations. O; = {0j1,— ... — 0j0,} represents an ordered list of
operations for job j. Each operation must be performed on a specific and different
machine from a set of M machines, M = {my,...,my}, and only one operation

can be performed by a machine at a given time. The objective is to minimize the
makespan.

To solve JSSP using QAOA, we have to formulate it as a QUBO problem 2.8. In
particular, we need to define the JSSP constraints as binary clauses and represent
each operation as a time-indexed binary variable. The time-indexed binary variable
is defined as

1 if operation oy starts at time t
kt = { (40)

0 otherwise

where ¢ is bounded by a makespan 7', and the index k represents the position of
an operation in a list of all operations of all the jobs:

\0117"'70101/7\0217'"7020217"'7\0J17"'70JOJJ
TV TV NV
J1 J2 JJ
(41)
01,30k, 0141y ++30kyy-+-30k;_141y--+,0k;
N RN v N “,
TV TV ~"
J1 J2 JJ

16the makespan 7" has to be estimated but for this thesis we assume it to be given.
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Let us now define different JSSP constraints as binary variables. Let z be the
input binary string.
The first constraint is that the operation must start only once. This can be

expressed as:
2
hy(z) = Z (Z Tt — 1) (42)
k t

The second constraint is that at any time only one operation can run on a given
machine. This can be expressed as:

ho(z) = Z Z Tt Tht p/ (43)

m k#kK
0<t,t'<T
o<t/ —t<ty,
where /; is the processing time of operation k.
The third constraint is that the original order of the operations is kept for all

the operations for every job in a given instance. This can be expressed as:

hs(z) = Z Z Thp Tps 1,1/ (44)

n=1 \ kn_1<k<kn
0>t/
If the values of all three objectives are equal to zero, all of the constraints are
satisfied, indicating that there is a feasible schedule with a makespan less than or
equal to T

3.2 QAOA for the JSSP

Now that we have the QUBO formulation of the JSSP, we can do a simple transfor-
mation to derive the Cost Hamiltonian that is required by QAOA.

As seen in the section on QAOA, if we can define the problem objective function
as a sum of a finite number of constraints C,(x) where z € {0, 1}7 is a binary string
of length R,

C(x) =) Calw) (45)

then QAOA can be used to find an approximate solution. To do that we need to
convert the constraints into quantum Hamiltonians by replacing the binary variables
x;, r€{1,2,..., R}, with spin variables s,,

1—s
.= - 46
=" (16)
Clearly, s, =1 =— x, =0and s, = -1 = x, = 1. Therefore, s, can be
represented by the Pauli-Z matrix o7.
As a result, we obtain a cost Hamiltonian
He = C(0?) (47)
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4 IMPLEMENTATION AND RESULT

The goal of QAOA is to find optimal parameters v* and *, so that the expected
value

Fp(y*, B%) = (p(v*, B8%)| He [ (7v*, B7)) (48)

is maximized (or minimized).

Finally, to solve JSSP using QAOA we have to convert the binary variables
to spin variables in constraints (42) to (44) using the formula (46). We can then
consider the objective function represented by the formula

He (o) = hn(07) + ha(07) + hs(07) (49)

as the cost Hamiltonian (47). The JSSP solution can then be calculated by embed-
ding this cost Hamiltonian into the QAOA.

4 Implementation and Result

Due to the high computational demands of quantum simulation, this thesis only
employs a toy example. The example consists of two machine, three jobs, each with
two operations, where each operation requires one unit of processing time. The
makespan of the optimal schedule is three units. The toy example was executed on
a single node of the HPC system of the GWDG'" which had 384 GB of RAM. The
large memory requirement is due to the exponential growth of the quantum states
as the number of qubits increases, as well as to store the intermediate results. The
QAOA algorithm took approximately 3 minutes to compute the optimal schedule
and used 15 qubits to simulate the problem. The QAOA parameters, S and v, were
initialized to 0, and the parameter p was set to 1.

We use the QASM simulator provided by Python package qiskit [84], [85],
which is developed by IBM. Due to unavailability of a real quantum computers,
quantum simulators are used to simulate the quantum computers on the classical
computers. Qiskit is the most popular choice to simulate quantum algorithm in
Python.

Figure 9 presents the optimal schedule as determined by the QAOA algorithm.
The Gantt chart illustrates the sequence in which the jobs should run to achieve the
optimal makespan. Figure 10 displays the disjunctive graph corresponding to the
schedule.

Job Schedule

Jo M1 Mo i

1

1

2 n MO M1 :
1

12 M1 MO !

T T T |

o 1 2 3

Time

Machine Schedule

]
1
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= 1
= 1
[=} 1
£ 1
= ML A 2 Jo n |
1
T |
(o] 1 2 3
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Figure 9: Job shop schedule using QAOA algorithm.

17Gesellschaft fiir wissenschaftliche Datenverarbeitung mbH Géttingen
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5 CONCLUSION AND DISCUSSION

JOOD —» JO O

J1OD —» J10O1

J200 — J202

Figure 10: Disjunctive graph of the schedule. J represents the job, and O represents
the operation. The numerical value after J or O represents the first or the second
job or operation. The nodes with the same colour run on the same machine.

To check the results obtained using the quantum algorithm, we used the Python
package docplex.cp, developed by IBM. Figure 11 illustrates the optimal schedule,
which is identical to the one produced by QAOA which proves that the schedule
created by QAOA is in fact the optimal schedule. It took less than one second to
find the optimal schedule on a laptop with 8GB RAM.

Jo M1 MO \
w
| n Mo M1 |
= M1 Mo
£ MO n 12 1o |
£
£
S A 2 Jjo I ]
0.0 0.5 1.0 1.5 2.0 2.5 3.0

Figure 11: Job shop schedule using classical algorithm.

The attempts to solve a problem with three machine, three jobs, each with three
operations, didn’t result in convergence to the optimal result even though it took
more than 5 hours'® to find the solution. The QAOA algorithm was using 33 qubits
to simulate this problem. However, the Python class QasmSimulator of qiskit
saves probabilities of 32 qubits by default which explains why the convergence of
this problem didn’t result in finding the solution. Another reason is the high memory
utilization to simulate qubits of classical systems [36].

The entire code is available on gitlab and is inspired by SEQUOIA-Demonstrators.

5 Conclusion and Discussion

This thesis presents the successful implementation of the QAOA to solve the JSSP.
We also establish a mathematical foundation by defining the underlying theorems on

18in one case around 11 hours
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6 APPENDIX

which QAOA is based, specifically the adiabatic algorithm and trotterization. Ad-
ditionally, we examine the mathematical entities (matrices) that satisfy the AA and
prove the Frobenius-Perron theorem, which is an essential result from the perspec-
tive of the uniqueness of the solution. The classical branch-and-bound algorithm
for solving JSSP is also discussed, along with a review of the postulates of quantum
mechanics that forms the foundation of quantum computing.

Our results indicate that, even for a small scheduling problem, classical algo-
rithms solve the JSSP significantly faster than the hybrid QAOA algorithm. The
following are some of the reasons for this discrepancy in the result:

e The use of quantum simulators on classical computers. Qquantum algorithms
are designed to leverage the properties of the quantum hardware which is still
in the nascent stage with limited numbers of real qubits available.

e (lassical algorithms are designed to take advantage of the parallelization
through multi-threading or multi-processing. As discussed in [86], running
a quantum algorithm on more than one computer node is still an area field of
research. The same paper also highlights that quantum algorithm run signifi-
cantly faster on a GPU as compared to CPUs.

e The limited availability of the quantum-aware optimizers that are part of
VQAs. The advancements in the optimizers will enable rapid and efficient
training of the parameters and help avoid local minima [87].

e The present quantum error correction methods are another factor. Improve-
ment in the error correction methods in the hybrid approach that will lead to
more accurate solutions at a faster rate.

Given the ongoing research in quantum computing, there is a high possibility that
some, if not all, of the issues mentioned above will be tackled, improving the viability
of quantum computers.

6 Appendix

The appendix contains results that were used in proving theorems and lemmas in
this thesis but didn’t prove.

Theorem 6.1

Let ||.|| be a matrix norm. Then for A € M,

p(A) < ||A]]

Theorem 6.2

Let ||.|| be a matrix norm on M,,. Then for A € M,

p(A) = lim [|A*||""

k—o0
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Theorem 6.3

Let A € M, and suppose that A > 0. If the row sums of A are constant, then
p(A) = [|All

Theorem 6.4: Schur Triangularization theorem

Given A € M, with eigenvalues Ay, ..., A\, in any prescribed order, there is a
unitary matrix U € M,, such that

U*AU =T = [t;]

is upper triangular, with diagonal entries ¢;; = \;, ¢ =1,...,n. That is, any
square matrix A is unitarily equivalent to a triangular matrix whose diagonal
entries correspond to the eigenvalues of A in a predetermined order. Further-
more, if A € M, (R) and if all eigenvalues of A are real, then U may chosen
to be real and orthogonal.

Theorem 6.5
Let A € M,, and suppose A > 0. Then

lim [p(A)'A™ =L

m—00

where L = xyT, Ax = p(A)x, ATy = p(A)y, v >0,y >0, and 27y = 1.

Corollary 6.6

If A€ M, and A > 0, then L = lim,, ., [p(A) ' A]™ is a positive matrix of
rank 1.

Theorem 6.7: Uniform Boundedness Principle

Let B be Banach space, N be a normed vector space, and B(B, ) be the set
of bounded linear operators from B to N. Then for any family of operators
{T.}aes in B(B,N) so that, for each &inB,

sup ||To€|| < oo
acJ

satisfies sup,c; ||To| < oo for some indexing set J.
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