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Abstract

The Grundy and b-chromatic numbers of graphs are two important chromatic param-
eters. The Grundy number of a graph G, denoted by I'(G) is the worst case behavior
of the greedy (First-Fit) coloring procedure for G and the b-chromatic number b(G) is
the maximum number of colors used in any color-dominating coloring of G. There is
arecent research scenario to compare these completely different chromatic quantities.
A graph G is called b-monotone if b(H) < b(G), for any induced subgraph H of G. A
previous conjecture claims that there exits a function f such that for any b-monotone
graph G, I'(G) < f(b(G)). We first prove that the family of K> ;-free graphs is not
b-monotone, and there does not exist a function f such that I'(G) < f(b(G)) for all
K> ;-free graphs G. We show that the collection of K> ;-free graphs includes many
infinite b-monotone subfamilies. Then, for any + > 2 we present a function f (depen-
dent on ¢) such that if G is any b-monotone K> ;-free graph then I'(G) < f(b(G)).
Next, we obtain much better functions f for the families of K> »-free, (K2 ;, K3)-free
and (K2 ;, K4)-free graphs. Putting differently, the results present inequalities in terms
of I'(G), b(G) and ¢, where ¢ is the smallest value such that G does not contain K> ;
as induced subgraph.
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1 Introduction

All graphs in this paper are undirected without any loops or multiple edges and unless
otherwise stated, contain at least one edge. We refer to [1] for notations and concepts
notdefined here. Let Hy, . .., Hy beafinite setof graphs. Bya (Hy, . .., Hy)-free graph
we mean any graph G such that for each i, G does not contain H; as induced subgraph.
Also H-free graph means any graph containing no induced subgraph isomorphic to H.
For any graph G and vertex v of G, the closed neighborhood of v, N[v], is the set N (v)
of neighbors of v together with v itself. For any § € V(G), G[S] is the subgraph of
G induced by S. For any positive integers m, n, K, , stands for the complete bipartite
graph with bipartition of sizes n and m. Given two positive integers r and s, recall that
the Ramsey number R (7, s) is the minimum value n such that any graph on n vertices
either contains a clique on r vertices or an independent set containing s vertices. By
log k, we mean log, k.

By a Grundy coloring of a graph G we mean any partition of V (G) into independent
subsets C1q, ..., Cr such that for each i, j € {1,...,k} with i < j, each vertex
in C; has a neighbor in C;. The maximum integer k such that there exists a Grundy
coloring with & colors, is called the Grundy number (also called the First-Fit chromatic
number) and denoted by I'(G) (also xrr(G)). It can be observed that I'(G) is equal
to the maximum number of colors used by the greedy coloring procedure in G [21].
The literature is full of papers concerning the extremal and algorithmic aspects of the
Grundy number e.g. [8, 9, 21]. The Grundy number is an N P-complete quantity even
for very restricted families of graphs [21].

By a color-dominating coloring of G we mean any partition of V (G) into independent
subsets C1q, ..., Cr such that for each i, the class C; contains a vertex that has a
neighbor in every other class C;, j # i. Denote by b(G) the maximum number of
colors used in any color-dominating coloring of G and call b(G) the b-chromatic
number of G. It is worth-mentioning that b-chromatic number b(G) is the worst case
behavior of a color suppressing heuristic, based on recoloring all the vertices of a
color class, unless there is a vertex in the class having neighbors of every other color.
The b-chromatic number has been widely studied in graph theory [6, 10, 12-15]. The
b-chromatic number is N P-complete and hard to approximate [5]. A graph G is called
b-monotone in [20] if for each induced subgraph H of G we have b(H) < b(G). This
concept is similar to the concept of b-monotonous graphs, defined in [13]. A graph
G is b-monotonous if b(H;) > b(H>) for every induced subgraph H; of G and every
induced subgraph H, of H;. This concept is defined also in [2], in which the graph
G is called b-monotonic. Note that every b-monotonous (b-monotonic) graph is also
b-monotone. We say a family F is b-monotone if any graph G of F is b-monotone.
The comparative study of Grundy and b-chromatic numbers of graphs was initiated by
[20]. A natural question concerning comparison of Grundy and b-chromatic numbers
is to explore or generate families of graphs {G,},>1 and {H,},> such that b(G,) —
I'G,) — ooand I'(H,) —b(H,) — oo. It was proved in [20] that both of the above-
mentioned situations happen in the universe of graphs. The following conjecture was
made in [20].
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Conjecture 1 There exits a function f such that for any b-monotone graph G, I'(G) <

J(b(G)).

As proved in [20], the inequality of Conjecture 1 is not valid for the family of
non-b-monotone graphs. The papers [17, 18] introduce more families satisfying the
conjecture. It was proved in [17] that the conjecture is valid for trees, cacti and
some other families in terms of forbidden subgraphs. It was proved in [18] that
I'(G)—[logI'(G)] < b(Q),ifthe girth of G is sufficiently large with respect to its max-
imum degree. It was also proved in [18] that if G is K7 3-free then I'(G) < (b(G))3/2.
Given any graph G and a Grundy coloring C for G, in the following we define a sub-
graph H¢ corresponding to G and C. This subgraph will be used in proof of the
following results.

Let C be a Grundy coloring for a graph G, define a subgraph H¢ corresponding to G
and C as follows. Let k be the number of colors in C. Let v; be a vertex of color k in
C. Choose a set vy, ..., vg—1 consisting of k — 1 neighbors of v; with distinct colors
1,...,k—1,respectively. Define L1 = {vx} and L = {vy, ..., vk—1}. Now, for each
iand j with1 <i < j <k — 1, any vertex of color j in L, needs a neighbor of color
i in C. If such a vertex say u is not found in L; then put u# in a newly defined set L3.
The set L3 consists only of such vertices. For each i € {2, 3}, the presence of a vertex
v of color, say j in L; means that there exists a vertex u in L;_1 such that v is adjacent
to u and the color of u is greater than j. In this situation v is said to be a child of u
and we write v € C H (u). Also denote the color of any vertex w in C by c(w). Define
Hc = G[L1 U Ly U L3]. For a better representation of Hc, we draw Hc¢ in top-down
form in which the vertex vy is the most top vertex and is placed in the first level L.
The vertices vy, ..., vy_1 are in the second level L, and so on.

It was proved in [20] that Conjecture 1 is valid for b-monotone K, ,-free graphs. But
an explicit function f is not obtained in [20]. In this paper we present some comparative
results concerning K> ;-free graphs by presenting explicit functions f. The extremal
properties of K7 ;-free graphs have been widely studied in graph theory, e.g. [11, 16].
The following proposition shows that for any ¢t > 4 the family of K5 ,-free graphs is
not b-monotone.

Proposition 1 (i) Let t > 4 be arbitrary and fixed integer. There are infinitely many
K> ;-free graphs which are not b-monotone.

(ii) There does not exist any function f such that I'(G) < f(b(G)) for any K3 ;-free
graph G.

Proof To prove (i), define H; as the graph obtained from K, ; by removing a matching
of size t — 1. Let u and v be the two vertices of degree ¢ in H;. Note that b(H;) = 2
and b(H;\{u, v}) =t —1 > 3. Now, let H,k be a graph obtained from H; by attaching
k vertices of degree one to u. Let W be the set of vertices of degree one in Htk. Note
that HF is K, ,-free. It can be shown by checking the cases that b(H¥) = 2. Also
b(Hlk \ (WU {u, v})) =t — 1. Therefore, H,k is not b-monotone.

To prove (ii), note that b(H,k) = 2 but F(Htk) =1t + 1 and ¢ can be arbitrarily large.
]
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Although Proposition 1 proves existence of infinitely many K ;-free graphs which
are not b-monotone, but for any ¢ > 2, the family of K> ;-free graphs includes many
infinite b-monotone subfamilies. It was reported in [13] that any graph of girth five
is b-monotonous and then b-monotone. Observe that any graph of girth five is also
K> ;-free, for any t+ > 2. A P4-sparse graph is a graph where every 5-vertex subset
contains at most one induced P4. The so-called Py4-tidy graphs form a superset of
Py4-sparse graphs. It was proved in [19] that P4-tidy graphs are b-monotonic and then
b-monotone. It follows that the family of K> ;-free P4-tidy graphs is b-monotone and
this family may contain graphs containing K, for any ¢ < ¢ since Kz 4 is Py-
tidy. Using [13] we obtain that (K2, Ps, P, dart)-free graphs are b-monotone and
K> ;-free, where P and dart are fixed graphs on five vertices. It was also proved in
[3] that graphs with stability (i.e. independence) number at most 2 are b-monotonic.
Obviously, any such graph is K» 3-free. Hence, our bound for K> 3-free graphs applies
for graphs of stability number 2.

We have to mention an important comment concerning the conditions imposed on ¢
and I'(G) in the theorems of the paper. First, it was proved in [21] that given any graph
G, the condition k < I'(G) can be decided by a polynomial-time algorithm in terms
of |V (G)|, provided that k is a constant integer. In Theorem 1 we assume that ¢ > 2
is fixed integer and consider b-monotone K> ,-free graphs G such that (2¢) < I'(G).
Since (2¢)! is a constant value then the validity of condition (27)' < I'(G) can be
checked by a polynomial-time algorithm for any given graph G. If the condition
holds then Theorem 1 is applied. Otherwise, i.e. if I'(G) < (2t)" then obviously
['(G) < ((20)"/2)b(G), i.e. a linear upper bound for I'(G) in terms of b(G). This
comment is also applied for Theorems 2 and 3.

The outline of the paper is as follows. In Sect. 2 we prove in Theorem 1 (7) thatif G is
any b-monotone K ;-free graph such that t < (/T'(G))/2 then [T (G)]/2 < b(G).
It is proved in Theorem 1 (ii) that if G is any b-monotone Kj»-free graph then
L(T'(G)+2)/2| < b(G).InSect.3 we prove in Theorem 2 that if G is any b-monotone
(K2.t, K3)-free graph, such that 3 <t < (I'(G)/2) — 2 then (I'(G)/2t) + 2 < b(G).
In Theorem 3 we prove that if G is any b-monotone (K>, K4)-free graph, such that
t < (5I°(G)/12)'73 then [(5T(G)/12)!/3] < b(G).

2 Results for K> ¢-Free Graphs

This section deals with K ;-free graphs, where ¢ > 2 is a fixed integer. The following
two lemmata shall be used in the proof of Theorem 1.
Lemma 1 Let p and t be two positive integers witht < p. Then
(p+1=2"" _2p'—2p+3
-1 - p—2 '

Proof The inequality holds for # = 2 since in this case the inequality simplifies to

(p+t—2"" 4p> —2p+3
a—1n P p—2

IA
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For the case t+ = 3 the inequality is simply checked.

(p+t—mF4_(p+1ﬂ<:mﬁ—2p+3_2ﬁﬂ—2p+3
c-n 2 = p—2 p—2

Let now ¢ > 4. In the second inequality below we have used (g)" < n! (see [4]).

p+r-2"" _@p-2"" _27'p-1!

- — =D = 1!
- 2t—l(p _ l)t—l _ 2t—l(p _ l)t_let_l
(t — l)t—l - (t — 1)171
el—1
—1 t—1 3
:(f_]e> 2F1<Tppl—2§fphl—2+;
B 20pt —2p+3 _ 2'pt —2p+3
p - p-2

_1 !
We demonstrate the correctness of (p e) 2t=1 < 2t p=1 _ 2 as follows.

t—1
S L Sy
— < —((p-D<
—1 r—17 p
RN
— <p e) < p’71

t—1
— il <p_lle) <2l gty g,

Lemma 2 Let p andt be two positive integers with t < p. Then

(p+t—2)""

t .t
G- =EP o

Proof

(p+1=2"" _@p-2"" 27 'p-D"!

-0 — =D  @t=1
- 2t—l(p _ l)t—l _ 2t—l(p _ l)t_let_l
= (t— 1)zfl/et71 - (t — 1)171
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t—1
— (t € 1) (p _ 1){—12[—1 < (p _ 1)[—12[—1

<(p-DIT12 < p=l2t <2 p! — p.

rmay (s =DV

In the following we use the bound R(r, s) < ( 1 " D!
s— D!

(See [1]).

Theorem 1 Let G be a b-monotone Kj ;-free graph.
(i) If3 <1 < (YT(G))/2. Then 5|/T(G)] < b(G).
(i) If t = 2 then | (T'(G) +2)/?] < b(G).

Proof We present a same proof for both cases t > 3 and ¢+ = 2. Only in some details
the proofs are different which are specified in the proof. Let C be a Grundy coloring
of G with k = I'(G) colors and H¢ be the subgraph corresponding to C. Recall that
H¢ consists of the levels Ly, Ly, L3, in which L = {vt}and Ly = {v, ..., vg_1}.
Foreachi € {1, ..., k}, c(v;) =i and v; is adjacent to vi for each k # i. In case that
t =2,if2 <k < 6then |\/T'(G) + 2| = 2 and the assertion holds. Assume hereafter
that 7 < I'(G) for the case t = 2. We define a value p differently for the cases r > 3
and ¢ = 2 as follows.

t
WH - i > 3,
p:

Wk +2] ift=2.

Since G is b-monotone, to prove the theorem it is enough to obtain an induced subgraph
of G admitting a b-coloring using p colors. During the proof, we gradually construct
a subgraph G’ of H¢ which is empty at the beginning. Then in each step we “recolor”
some vertices of Hc, and add them to G’. If in at least one step of the proof we
obtain a complete graph on p vertices then we are done. Otherwise, we prove that the
construction of G’ is progressed and completed so that the resulting recoloring is a
b-coloring with p colors for the induced subgraph G’.

Recoloring Process:

Let G’ be an empty set in this step. We introduce a new coloring C’, for some vertices
of H¢ and add them to G’. We use ¢’(v) to denote the new color of any vertex v. In
L1, recolor v by p and add it to G’. In Ly, recolor Vk—p+l,---sVk—1 by 1, ..., p—1,
respectively and add all these vertices to G’. Assume that the vertices of L3 are
presented according to an arbitrary but fixed ordering.

We do the following forany j € {1, ..., p—2}.If v is adjacent to vy, ; then the
color k — p + j appears in the neighborhood of vx_1 and we make nothing. Otherwise,
if vg_1 is not adjacent to vg_ 4 j, assign a new color j to the vertex w € CH (vg—1)
with c(w) = k — p + j and add w to G’. By doing this, the vertices vy and vi_{ have
all colors 1, ..., p in their closed neighborhood.
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Fig.1 The vertex w with
c(w) =k —p+ jisadded to G’
and recolored as ¢’ (w) = j

Vk—p+j Vk—p+i

We do the following forany j € {1, ..., p—3}.If vg_> is adjacent to vy_ 4 ; then the
color k — p + j appears in the neighborhood of v;_> and we make nothing. Otherwise,
if vg_7 is not adjacent to vg_ 4 j, assign a new color j to the vertex w € CH (vx—2)
with c(w) = k— p+ j and add w to G’. Until now, vy, has all colors 1, ..., p—2, p
in its closed neighborhood. If v;_; is also adjacent to vx_1, then color p — 1 is also in
its closed neighborhood in C’. Assume now that vx_» is not adjacent to v _1.

Claim 1. Either there exists a vertex x € C H (vg—2) such thatc(x) € {1, ...,k — p}
and x is not adjacent to vg_1 or there is a clique of size p among the vertices of
CH (vr—2).

Proof of Claim 1. Assume on the contrary that any vertex in C H (vk—3) of color
in {1,...,k — p} is adjacent to vg_;. For + > 3, using the inequalities R(p,t) <
(p+1t—-2""1¢—Drand (p +1—2)"'/(t — 1)! < k — p (by Lemma 2), we
obtain that either ¢ independent vertices or a clique of size p among the vertices of
C H (vr—>) having colors 1, ..., k — p. In the first case, the # independent vertices are
adjacent to both vertices vy—1 and vk_3. As vx—1 and vg_; are not adjacent, we have
an induced K7, a contradiction. Therefore this case does not happen and hence we
obtain a clique of size p among the vertices of C H (vg—2). This proves Claim 1 for
t>3.

For t = 2, we have the Ramsey bound R(2, p) = p, also p < k — p holds for any
4 < k. Therefore we obtain either two disjoint vertices or a clique of size p among the
vertices of C H (vk—2) havingcolors 1, . .., k— p.In the first case, the two non-adjacent
vertices are both adjacent to vy and also vi_3. As v and vg_> are not adjacent, we
have an induced K3 », a contradiction. Therefore this case does not happen and hence
we obtain a clique of size p among the vertices of C H (vr—>). This proves Claim 1
fort = 2.

In case that there is a clique of size p, this clique is our desired subgraph as its b-
chromatic number is p. As the only vertex in G’ of color p — 1 is vx_1, if the other
case of Claim 1 holds, we recolor x by p — 1. By doing this, the vertex vx_5 has all the
colors 1, ..., pinits closed neighborhood and until this step, the recoloring is proper.
In a general case, let i be an arbitrary index with2 <7 < p — 1. If vx_,4; is adjacent
0 vg_pyj, 1 < j <i < p—1, wedo nothing. If v;_,4; is not adjacent to vk p4 ;,
then assign a new color j to the vertex w € CH (vk—p4;) with c(w) =k — p+ j and
add w to G’. This situation is depicted in Fig. 1.

Until now, allcolors 1, 2, ..., i—1,1, p appear in the closed neighborhood of vy _ ;.
If vg—pi is adjacent to a vertex of G” with color say m € {i +1,..., p — 1}, then
the color m too appears in the closed neighborhood of vy ;. Assume hereafter that

@ Springer



16 Page8of16 Graphs and Combinatorics (2023) 39:16

there exists some color say m in {i +1,..., p — 1} such that vx_,4; is not adjacent
to any vertex of G’ of color m.

Claim 2. For each colorm € {i + 1,..., p — 1}, either there exists a vertex x €
CH (vgk—p+i) such that c(x) € {1,...,k — p} and x is not adjacent to a vertex of G’
with color m in C” or there is a clique of size p among the vertices of C H (vk—p+i).
Proof of Claim 2. Assume on the contrary that for somem € {i +1, ..., p — 1}, any
vertex in C H (vx— p4;) of primary color in {1, ..., k — p} is adjacent to a vertex of G’
whose colorism in C’. We have p —i — 1 elementsin {i +1, ..., p — 1} and therefore
at most p — i — 2 vertices of CH (vi—p+;) have been recolored with a new color
nef{i+1,..., p—1},n # m, and have been added to G’ before this step. Therefore
among the vertices of C H (vg—p4) of primary color 1 to k — p (which corresponds to
aset of k — p vertices), there are still atleast (k— p) —(p—i —2) = k—2p-+i+2 many
children, which are not still recolored and added to G’. By the contrary hypothesis, all
these k—2 p+i+2 vertices, are adjacent to a vertex of G’ of color m. On the other hand,
based on the structure of G’, for any vertex v j € G’, there is at most one child of v j
whose color is m. Therefore there are at most (k—1)—(k— p+i) = p—i —1 vertices of
color m in G’. Based on the Pigeonhole Principle, atleast | (k—2p+i+2)/(p—i—1)]
many vertices are all adjacent to one vertex of color m.

Now, for + > 3 we use the following inequalities. The first inequality is valid by
Lemma 1 and in the second one we use i > 2.

(p+t—2)’_1<k—2p+4<k—2p+i+2
(- — p=3 — p—i-1

D

For t = 2 we use the following inequalities. In the second one we have used i > 2.

k=2p+4 _k—2p+i+2

R2, = <
Q. p=pr= o3 S p—io1

2

In case r > 3, the inequalities R(p,t) < (p +1t — 2)’_1/(1‘ — D!and (1) imply that
we have either ¢ independent vertices or a clique of size p. This situation is depicted
in Fig.2. The first case does not happen because otherwise it yields an induced K> ;
on the # independent vertices, vy ,; and the vertex of color m. This proves Claim 2
fort > 3.

In case t = 2, the inequalities (2) imply that we have either two non-adjacent vertices
or aclique of size p. The first case does not happen since otherwise it yields an induced
K> > on those non-adjacent vertices, vx— p4; and also the vertex of color m. This proves
Claim 2 fort = 2.

If the second case of Claim 2 holds then we obtain a b-coloring using p colors in the
clique. This clique is the desired subgraph. In the case that there exists the vertex x of
Claim 2, we recolor x by m and add it to G’. Now, the vertex vj_ p+i has all colors
1, ..., pinits closed neighborhood and until this step, the recoloring is proper.

The only vertex remained to be checked is vk—p41. Note that ¢ (vp— p+1) = 1. If this
vertex is adjacent to vg_p4j, 2 < j < p — 1, we do nothing. Otherwise, assume that
Vk—p+1 1s not adjacent to vg—p4 ;.
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Uk Uk

Uk—p+i | / Uk—p+m Vk—p+i® - - .- Uk—p+m
~~~ ~~~
t independant vertices a clique of size p

Fig.2 The two cases discussed in the proof of Claim 2 (1 > 3)

Claim 3. For each colorm € {2, ..., p — 1}, we have two possible cases: either there
exists a vertex x € CH (vg—p+1) suchthatc(x) € {1, ..., k— p}and x is not adjacent
to any vertex of G’ of color m in C’ or there is a clique of size p among the vertices
of CH(vg—py1).

Proof of Claim 3. Assume on the contrary that forsomem € {2, ..., p—1}, any vertex
in CH (vk—p41) of colorin {1, ..., k— p}is adjacent to a vertex of G’ of color m in C’.
Since m € {2, ..., p — 1} then at most p — 3 vertices among the children of vg_ 11
with colorsin {1, ..., k — p}\ {m}, have been added to G’ before this step. Therefore
there are still (k — p) — (p —3) = k —2p + 3 children, all adjacent to a vertex in G’ of
color m. On the other hand, there are at most (k — 1) — (k — p + 1) = p — 2 vertices
of color m in G'. Based on the Pigeonhole Principle, at least [ (k —2p +3)/(p —2)|
many vertices are all adjacent to one vertex of color m.

For ¢t > 3, the following inequality holds by Lemma 1.

(p+1t—2)"1 - Lk_2p+3J
- 1! p—2 I

Therefore since R(p, t) < (p 4+t —2)'~1/(t — 1)!, we have  independent vertices or
a clique of size p. As before, the first case does not happen. Hence, Claim 3 is proved
fort > 3.

For ¢t = 2, the following inequality holds for any k > 6 (i.e. p > 2).

ko =p=| 223
p—2

Therefore we have two independent vertices or a clique of size p. As before, the first

case does not happen. This proves Claim 3 for r = 2.

In the second case of Claim 3, we obtain a b-coloring using p colors for the clique. This

clique is our desired subgraph. In the first case of the claim, we recolor the existing

child of vg_p41 by m and add it to G’. The vertex vi_ p+1 has now all the colors

1, ..., pinits closed neighborhood and until this step, the recoloring is proper.

By completing this procedure, either we obtain a clique of size p, at some step, as

desired, or in the last step, G’ satisfies the properties of our desired subgraph. The new

@ Springer



16 Page100f16 Graphs and Combinatorics (2023) 39:16

coloring C" is a b-coloring for G’ using p colors and the vertices vg, Vk—1, .. . , Vk—p+1
form its color-dominating vertices. O

3 K> ¢-Free Graphs with Some Excluded Cliques

The first theorem concerns (K2 ;, K3)-free graphs.

Theorem 2 Let G be a b-monotone (K> ;, K3)-free graph, such that 3 < t <
(I'(G)/2) — 2. Then

T'(G)
—, t2=b(G).

Proof Let C be a Grundy coloring of G with k = I'(G) colors and H¢ with its levels
Ly, Ly, L3 in which L1 = {v}and Lo, = {vy,...,vr_1}. Foreachi € {1,...,k},
c(v;) =i and v; is adjacent to vi for each k # i. Set p = (k/2t) + 2. We obtain an
induced subgraph G’ of He which admits a b-coloring with p colors. At the beginning
step G’ is empty. Then in each step we recolor some vertices of H¢, and add them to
G’. The resulting coloring is a b-coloring with p colors for G'.

Recoloring Process:

Let G’ be an empty set in this step. We introduce a new coloring C’, for some vertices
of H¢ and add them to G’. We use ¢’(v) to denote the new color of any vertex v. In
L1, recolor v by p and add it to G’. In Ly, recolor Vk—p+l,---s Vk—1 by l,..., p—1,
respectively and add all these vertices to G’. Assume that the vertices of L3 are
presented according to an arbitrary but fixed ordering.

Vertex vy—1 is not adjacent to vg— 4 ; as there is no K3 in the graph. We assign a new
color j to the vertex w € C H (vg—1) with c(w) = k— p+ j and add w to G’. By doing
this, the vertices vx and vi_1 have all colors 1, ..., p in their closed neighborhood.
As before, vr_ is not adjacent to vg_,4 ;. We assign a new color j to the vertex
w € CH(vk—3) with ¢(w) = k — p + j and add w to G’. Until now, vi_; has all
colors 1, ..., p — 2, p inits closed neighborhood.

Claim 1. There exists a vertex x € C H (vg—2) such that c(x) € {1,...,k — p}and x
is not adjacent to vg_1.

Proof of Claim 1. Assume on the contrary that any vertex in C H (vx—3) of color in
{1,...,k — p}isadjacent to vi_;. we have the following inequalities.

k k k
RQt)=t<=--2=k—=—-2<k———2=k—p.
2 2 2t

As there is no induced subgraph isomorphic to K3 in G, there is no edge among the
children of v;_». Therefore we obtain ¢ independent vertices, all adjacent to both
vertices vg—1 and vg—2. As vg—1 and vx_» are not adjacent, we obtain an induced K> ;,
a contradiction.
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As the only vertex in G of color p — 1 is vg_1, therefore we recolor x by p — 1. By
doing this, the vertex vi_» has all the colors 1, ..., p in its closed neighborhood and
until this step, the recoloring is proper. In a general case, vi—p4; is not adjacent to
Vk—p+j, 1 < j < i < p— 1. Assign a new color j to the vertex w € CH (vg—p+;)
with ¢c(w) =k — p + j and add w to G'.

Until now, allcolors 1, 2, ..., i—1,1, p appear in the closed neighborhood of vy _ ;.
If vi—p4i is adjacent to a vertex of G” with color say m € {i +1,..., p — 1}, then
the color m too appears in the closed neighborhood of vy _ ;. Assume hereafter that
there exists some color say m in {i + 1, ..., p — 1} such that vt 4, is not adjacent
to any vertex of G’ of color m.

Claim 2. Foreachcolorm € {i+1, ..., p—1}, there exists a vertex x € C H (vg—p)
such that ¢(x) € {1, ...,k — p} and x is not adjacent to a vertex of G’ with color m
in C’.

Proof of Claim 2. Assume on the contrary that for somem € {i + 1, ..., p — 1}, any
vertex in C H (vk— p4;) of primary colorin {1, ..., k — p} is adjacent to a vertex of G’
whose colorism in C’. We have p —i — 1 elementsin {i +1, ..., p — 1} and therefore
at most p — i — 2 vertices of CH (vi—p4+;) have been recolored with a new color
nel{i+1,..., p—1},n # m, and have been added to G’ before this step. Therefore
among the vertices of C H (vx—p4;) of primary color 1 to k — p (which corresponds to
asetof k — p vertices), there are still atleast (k—p) —(p—i —2) = k—2p-+i+2 many
children, which are not still recolored and added to G’. By the contrary hypothesis, all
these k—2 p-+i+2 vertices, are adjacent to a vertex of G’ of color m. On the other hand,
based on the structure of G’, for any vertex v j € G’, there is at most one child of v i
whose color is m. Therefore there are at most (k— 1) —(k— p+i) = p—i—1 vertices of
color m in G’. Based on the Pigeonhole Principle, atleast | (k—2p+i+2)/(p—i—1)]
many vertices are all adjacent to one vertex of color m. The following inequalities hold.
In the second one we have used i > 2.

k—2p+4 - k—=2p+4+i+2
p—3 - p—i—1

R(2,t)=t§{

Consequently, there is ¢ independent vertices among the vertices of CH (vg—pi).
This is impossible because otherwise it yields an induced K ; on the ¢ independent
vertices, vk p4; and the vertex of color m. This contradiction proves Claim 2.

We recolor x by m and add it to G". Now, the vertex vi_ p+i hasallcolors 1, ..., pin
its closed neighborhood and until this step, the recoloring is proper. The only vertex
remained to be checked is vg_, 1. Note that c/(vk_,,_H) = 1 and vg_p4 is not
adjacent to vg_py ;.

Claim 3. For each colorm € {2, ..., p — 1}, there exists a vertex x € CH (vg—p+1)
such that c(x) € {1, ...,k — p} and x is not adjacent to any vertex of G’ of color m
in C'.

Proof of Claim 3. Assume on the contrary that forsomem € {2, ..., p—1}, any vertex
in CH (vk—p41) of colorin {1, ..., k— p}is adjacent to a vertex of G’ of color m in C’.
Since m € {2, ..., p — 1} then at most p — 3 vertices among the children of vi_,11
with colorsin {1, ..., k — p}\ {m}, have been added to G’ before this step. Therefore
there are still (k — p) — (p —3) = k —2p + 3 children, all adjacent to a vertex in G’ of
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color m. On the other hand, there are at most (k — 1) — (k — p + 1) = p — 2 vertices
of color m in G'. Based on the Pigeonhole Principle, at least [ (k —2p +3)/(p —2)|
many vertices are all adjacent to one vertex of color m. The following equalities hold.

k—2p+3| |k—3—4+43| |2kr—2k-20] 0y o
S el e el B e e R et

p—2 >

=2t—3

For every t+ > 3, we have t < 2t — 3 and consequently R(2,1) =t < L%J
Therefore there are t independent vertices. As before, the case does not happen. Hence,
we recolor the existing child of vx_,41 by m and add it to G'. Here the vertex vi_ 41
has all the colors 1, ..., pinits closed neighborhood and until this step, the recoloring
is proper.

By completing this procedure, we obtain G’, satisfying the properties of our desired
subgraph. The new coloring C’ is a b-coloring for G’ using p colors and the set
Uk, Uk—1, - - - » Uk—p+1 form its color-dominating vertices. O

Proposition 2 Let G be a b-monotone (K3 2, K3)-free graph. Then

{@J +2 <b(G)

Proof If k = I'(G) < 4, then |k/5] + 2 = 2 and obviously 2 < b(G) holds. For a
k >5,weset p = |k/5] + 2 and repeat the same procedure as the proof of Theorem
2. The inequalities provided in the claims hold for every k > 5 as follows.

=5
5 5k—2k—5 k—2% 1 k—2p+3

t:2={3——J:{ J: 5 :{ p+J
k k 3 p—2

O

In the following we obtain an inequality concerning (K3 ;, K4)-free graphs. In the
proof we use the upper bound R(3, k) < (2.4)k?/In k proved by Griggs [7].

Theorem 3 Let G be a b-monotone (K2 ;, K4)-free graph, such thatt < (%)1/3.

Then
5T(G)\ '3
( 3 ) < b(G).
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Proof The beginning part of the proof is exactly the same as the proof for Theorem 2
except that p = |(I'(G)/2.4)'/3|. For each k < 19, we have p = 1 and the theorem
holds. Assume hereafter that 20 < k. We obtain an induced subgraph G’ of H¢ which
admits a b-coloring with p colors.

Recoloring Process:

At the beginning, define G’ as an empty graph. We introduce a new coloring C’, for
some vertices of H¢ and add these vertices to G'. Let ¢’(v) denote the new color of
any vertex v. In Ly, recolor v; by p and add it to G’. In L, recolor Vk—pt1s -+ s Vk—1
by 1,..., p—1, respectively and add all these vertices to G’. Assume that the vertices
of Lj are presented according to an arbitrary but fixed ordering.

If v _1 is adjacent to vg_ p4 j, then vx_1 has color j in its neighborhood in G . Ifvp_g
is not adjacent to vg_ 4 j, we assign a new color j to the vertex w € CH (vx_1) with
c(w) =k — p+ j and add w to G’. By doing this, the two vertices vy and vi_| have
all colors 1, ..., p in their closed neighborhood.

If v > is adjacent to vg—p4 j, then vg_2 has new color j in its neighborhood. In case
that v;_» is not adjacent to vk, j, assign a new color j to the vertex w € C H (vx—2)
with c(w) = k— p+ j and add w to G’. Until now, vy_» has allcolors 1, ..., p—2, p
in its closed neighborhood. If vi_ is also adjacent to vx_1, then vg_5 has color p — 1
in its closed neighborhood too. Now we assume that vx_» is not adjacent to vg_i.
Claim 1. There exists a vertex x € C H (vg—2) such thatc(x) € {1,...,k — p}and x
is not adjacent to vg_1.

Proof of Claim 1. Assume on the contrary that any vertex in C H (vx—3) of color in
{1,...,k — p} is adjacent to vr—_1. As mentioned before the theorem, we have the
Ramsey bound R(3,7) < (2.4t%)/Int. Since p = |J/k/2.4], we have 2.4p> < k.
Also t < p. The following inequalities hold for every t > 3

R@3,1) < T <24t°<24p°  <24p°—p<k-—p
n

Note that in the case r = 2, we have R(3,2) = 3 < (2.4¢%)/In¢. If there is a K3
among the vertices of C H (vx—2), then an induced subgraph K, is produced in G,
a contradiction. Consequently, we obtain ¢ independent vertices all adjacent to both
vertices vx—1 and vg—j. As vi—1 and vg—; are not adjacent, we obtain an induced K> ;
in G, a contradiction.

As the only vertex in G’ of color p — 1 is vg_1, we recolor x by p — 1. By doing this,
the vertex vg_» has all the colors 1, ..., p in its closed neighborhood and until this
step, the recoloring is proper.

In a general case, if vg—p4; is adjacent to vg—pyj, 1 < j < i < p—1, wedo
nothing. If vi_,+; is not adjacent to vg—, j, then assign a new color j to the vertex
w € CH(vk—p4i) withe(w) =k — p+ jandadd wto G'.

Until now, all colors 1, 2, ..., i—1,1, p appear in the closed neighborhood of vy _ ;.
If vi_p4; is adjacent to a vertex of G’ of color say m € {i + 1, ..., p — 1}, then the
color m too appears in the closed neighborhood of vy ;. Assume hereafter that there
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exists some color say m in {i + 1, ..., p — 1} such that v;_,; is not adjacent to any
vertex of G’ of color m.

Claim 2. Foreachcolorm € {i +1, ..., p—1}, there exists a vertex x € CH (vg_p4;)
such that ¢(x) € {1, ...,k — p} and x is not adjacent to a vertex of G’ with color m
inC’.

Proof of Claim 2. Assume on the contrary that for somem € {i +1, ..., p — 1}, any
vertex in C H (vg— p4;) of primary color in {1, ..., k — p} is adjacent to a vertex of G’
whose colorism in C’. We have p —i — 1 elementsin {i +1, ..., p — 1} and therefore

at most p — i — 2 vertices of CH (vi—p+;) have been recolored with a new color
nef{i+1,..., p—1},n # m, and have been added to G’ before this step. Therefore
among the vertices of C H (vg—p4) of primary color 1 to k — p (which corresponds to
aset of k — p vertices), there are still atleast (k— p) —(p—i —2) = k—2p-+i+2 many
children, which are not still recolored and added to G’. By the contrary hypothesis, all
these k—2 p+i+2 vertices, are adjacent to a vertex of G’ of color m. On the other hand,
based on the structure of G’, for any vertex v j € G’, there is at most one child of v j
whose color is m. Therefore there are at most (k—1)—(k— p+i) = p—i —1 vertices of
color m in G’. Based on the Pigeonhole Principle, atleast | (k—2p+i+2)/(p—i—1)]
many vertices are all adjacent to one vertex of color m. The following inequalities hold.
In the second we have used i > 2.

2.41% _k=2p+4 _k—2p+i+2
Int — p-3 = p—-i-1

R@3,1) <

If there is a K3 among the vertices of C H (vk—p+), a K4 is induced on vg_ 4, and 3 of
its children. This case does not happen. Therefore a K> ; is induced on the ¢ independent
vertices, vg_ p+; and the vertex of color m. This case too is a contradiction. This proves
Claim 2. We recolor x by m and add it to G’. Now, the vertex vi_,4; has all colors
1, ..., p in its closed neighborhood and until this step, the recoloring is proper.

The only vertex remained to be checked is vg— 1. Note that ¢ (vg— pr1) = L If
Vk—p+1 18 adjacent to vg_ 4 j, we do nothing. Otherwise, assume that for a j, vi—p+1
is not adjacent to vg_p4 ;.

Claim 3. For each colorm € {2, ..., p — 1}, there exists a vertex x € CH (vg—p+1)
such that c(x) € {1, ...,k — p} and x is not adjacent to any vertex of G’ of color m
in C'.

Proof of Claim 3. Assume on the contrary that for some m € {2,..., p — 1}, any
vertex in C H (vg—p+1) of colorin {1, ..., k— p}isadjacent to a vertex of G’ of color m
inC’.Sincem € {2, ..., p—1},atmost p — 3 vertices among the children of vg_ 1
with colors in {1, ..., k — p}\{m}, have been added to G’ before this step. Therefore

there are still (k — p) — (p —3) = k —2p + 3 children, all adjacent to a vertex in G’ of
color m. On the other hand, there are at most (k — 1) — (k — p + 1) = p — 2 vertices
of color m in G'. Based on the Pigeonhole Principle, at least [ (k —2p +3)/(p —2)]
many vertices are all adjacent to one vertex of color m. Since p = |/5k/12], we
have 2.4p> < k. Also r < p. The following inequalities hold for every ¢ > 3.

2412 2.4p? 5
< =24p° <
Int Int p—2

k=2 3 k=2
k=2p+3 | _|k=2pt3,
p—2

R@3,1) <
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The fourth inequality holds as follows

48p> —3p+5>0=— —48p> < -3p+5
= 2.4p> 2024 p* <2.4p> —3p+5
= 24p*(p—2) <24p> —3p+5
24p° —3p+5 _k=2p+3
p—2 - p-2

1

- 2.4p2 <

Note that in case r = 2, we have R(3,2) = 3 < (2.4t2)/1n(t). As before, there is
neither K3 nor ¢ independent vertices among the vertices of CH (vg—p41). Hence,
Claim 3 is proved and we recolor the existing child of vx_,41 by m and add it to G'.
Now, the vertex vg_,41 has all the colors 1, ..., p in its closed neighborhood and
until this step, the recoloring is proper.

By completing this procedure, we obtain G’, satisfying the properties of our desired
subgraph. O
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